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ASYMPTOTIC PROPERTIES OF BERGMAN KERNELS FOR POTENTIALS
WITH GEVREY REGULARITY
HANG XU
Abstract. We study the asymptotic properties of the Bergman kernels associated to tensor powers
of a positive line bundle on a compact Kähler manifold. We show that if the Kähler potential is
in Gevrey class Ga for some a > 1, then the Bergman kernel accepts a complete asymptotic
expansion in a neighborhood of the diagonal of shrinking size k−
1
2
+ 1
4a+4ε for every ε > 0. These
improve the earlier results in the subject for smooth potentials, where an expansion exists in a
( log k
k
)
1
2 neighborhood of the diagonal. We obtain our results by finding upper bounds of the
form Cmm!2a+2ε for the Bergman coefficients bm(x, y¯) in a fixed neighborhood by the method of
[BeBeSj08]. We also show that sharpening these upper bounds would improve the rate of shrinking
neighborhoods of the diagonal x = y in our results.
1. Introduction
Let (L, h)→M be a positive Hermitian holomorphic line bundle over a compact complex manifold
of dimension n. The metric h induces the Kähler form ω = −
√−1
2 ∂∂¯ log(h) on M . For k in N,
let H0(M,Lk) denote the space of holomorphic sections of Lk. The Bergman projection is the
orthogonal projection Πk : L
2(M,Lk) → H0(M,Lk) with respect to the natural inner product
induced by the metric hk and the volume form ω
n
n! . The Bergman kernel Kk, a section of L
k ⊗ L¯k,
is the distribution kernel of Πk. Given p ∈ M , let (V, eL) be a local trivialization of L near p. We
write |eL|2h = e−φ and call φ a local Kähler potential. In the frame ekL ⊗ e¯kL, the Bergman kernel
Kk(x, y) is understood as a function on V × V . We note that on the diagonal x = y, the function
Kk(x, x)e
−kφ(x) is independent of the choice of the local frame, hence it is a globally defined function
on M called the Bergman function, which is also equal to |Kk(x, x)|hk .
Zelditch [Ze98] and Catlin [Ca99] proved that on the diagonal x = y, the Bergman kernel accepts a
complete asymptotic expansion of the form
(1.1) Kk(x, x)e
−kφ(x) ∼ k
n
pin
(
b0(x, x¯) +
b1(x, x¯)
k
+
b2(x, x¯)
k2
+ · · ·
)
.
Near the diagonal, i.e. in a
√
log k
k -neighborhood of the diagonal, one has a scaling asymptotic
expansion for the Bergman kernel (see [ShZe02, MaMa07, MaMa13, LuSh15, HeKeSeXu16]). For
d(x, y) ≫
√
log k
k , where d is the Riemannian distance induced by ω, no useful asymptotics are
known for smooth metrics. However, there are off-diagonal upper bounds of Agmon type
(1.2) |Kk(x, y)|hk ≤ Ckne−c
√
kd(x,y),
proved for smooth metrics in [Ch91, De98, Lin01, Be03, MaMa15]. In fact as shown in [Ch13b,
HeXu18], one has better decay estimates. More precisely, there exist positive constants c, C and a
1
2 XU
function f(k)→∞ as k →∞ such that
|Kk(x, y)|hk ≤
Ckne−c kd(x,y)
2
, d(x, y) ≤ f(k)
√
log k
k ,
Ckne−c f(k)
√
k log k d(x,y), d(x, y) ≥ f(k)
√
log k
k .
A quantitative version of the above estimate that relates the growth rate of f(k) to the growth rate
of the derivatives of the metric h is obtained in [HeXu18]. In particular, when h is in the Gevrey a
(a ≥ 1) class, we get f(k) = k
1
4a−2√
log k
.
This article generalizes the results in [HeLuXu18] to the setting of Gevrey classes. To be precise,
we prove an asymptotic expansion in a k−
1
2
+ 1
4a+4ε neighborhood of the diagonal for any ε > 0 if
the metric h is in the Gevrey a (a > 1) class. In particular, we show that in the Gevrey a class,
uniformly for all sequences xk and yk with d(xk, yk) ≤ k−
1
2
+ 1
4a+4ε , we have
|Kk(xk, yk)|hk ∼
kn
pin
e−
kD(xk,yk)
2 , as k →∞,
where D(x, y) is Calabi’s diastasis function (1.7), which is controlled from above and below by
d2(x, y). Before we state the results we must also mention that in [BeBeSj08], there is an off-
diagonal asymptotic expansion for the Bergman kernel of the form
(1.3) Kk(x, y) = e
kψ(x,y¯) k
n
pin
1 + N−1∑
j=1
bj(x, y¯)
kj
+ ek(φ(x)2 +φ(y)2 )k−N+nON (1),
which holds for all d(x, y) ≤ δ for some δ > 0. Here, ψ(x, y¯) and bj(x, y¯) are almost holomorphic
extensions of φ(x) and bj(x, x¯) from (1.1). However, note that this expansion is only useful when the
term e
k
(
φ(x)
2
+φ(y)
2
)
k−N+n is a true remainder term, i.e. it is less than the principal term knekψ(x,y¯)
in size, which holds only in a neighborhodd d(x, y) ≤ C
√
log k
k in general. In the case that h is real
analytic, this is valid in a larger neighborhood d(x, y) ≤ k−1/4 [HeLuXu18]. In a recent preprint
[RoSjNg18], this is further improved to a fixed neighborhood independent of k.
We now state our main result and its corollaries.
Theorem 1.1. Assume that the local Kähler potential φ is in the Gevrey class Ga(V ) for some
a > 1, meaning that for some C0 and C1 > 0, we have
(1.4) ‖DαzDβz¯ φ(z)‖L∞(V ) ≤ C0C |α|+|β|1 (α!β!)a, for any multi-indices α, β ≥ 0.
Then for every ε > 0, there exist positive constants δ and C, and an open set U ⊂ V containing p,
such that for N0(k) = [(
k
C )
1
2a+2ε ] and uniformly for any x, y ∈ U , we have in the frame ekL ⊗ e¯kL
Kk(x, y) = e
kψ(x,y¯) k
n
pin
1 + N0(k)−1∑
j=1
bj(x, y¯)
kj
+ ek(φ(x)2 +φ(y)2 )e−δk 12a+2εO(1),
where ψ(x, z) is a certain almost holomorphic extension of φ(x) near the diagonal 1 and bm(x, z) are
certain almost holomorphic extensions (defined by (5.1)) of the Bergman kernel coefficients bm(x, x¯).
As a first corollary of this theorem, we get a complete asymptotic expansion in a k−
1
2
+ 1
4a+4ε neigh-
borhood of the diagonal.
1In the sense of Borel and Hörmander [Ho68]; see our definition (2.4).
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Corollary 1.2. Given the same assumptions and notations as in the above theorem, there exist
positive constants C and δ, and an open set U ⊂ V containing p, such that for all k and N ∈ N,
we have for all x, y ∈ U satisfying d(x, y) ≤ δk− 12+ 14a+4ε ,
(1.5) Kk(x, y) = e
−kψ(x,y¯) k
n
pin
1 + N−1∑
j=1
bj(x, y¯)
kj
+RN (x, y¯, k)
 ,
where
(1.6) |RN (x, y¯, k)| ≤ C
NN !2a+2ε
kN
.
And if we only assume bm(x, z) are arbitrary almost holomorphic extensions of Bergman kernel
coefficients bm(x, x¯), then we still have (1.5). But the remainder term estimate will be weaker:
|RN (x, y¯, k)| ≤ CNkN for some constant CN .
As another corollary, we obtain the following off-diagonal asymptotic in terms of Calabi’s diastasis
[Cal53] function defined by
(1.7) D(x, y) = φ(x) + φ(y)− ψ(x, y¯)− ψ(y, x¯).
We point out that near a given point p ∈ M , we have D(x, y) = |x − y|2p + O(|x − p|3p + |y − p|3p),
where |z|2p :=
∑n
i,j=1 φij¯(p)zizj . If we use Bochner coordinates at p (introduced in [Bo47]), in which
the Kähler potential admits the form φ(x) = |x|2 + O(|x|4), we have D(x, y) = |x − y|2p + O(|x −
p|4p + |y − p|4p).
Corollary 1.3. Under the same assumptions and notations (and the same δ and same U) as in
Theorem 1.1, we have uniformly for all x, y ∈ U satisfying D(x, y) ≤ 12δk−1+
1
2a+2ε ,
(1.8)
1
k
log |Kk(x, y)|hk = −
D(x, y)
2
+
n log k
k
− n log pi
k
+O
(
1
k2
)
.
The following scaling asymptotic is then immediate:
Corollary 1.4. In Bochner coordinates at p, we have uniformly for all u, v ∈ Cn with |u|p and
|v|p <
√
δ
3 ,
1
k
1
2a+2ε
log
∣∣∣∣Kk ( u
k
1
2
− 1
4a+4ε
,
v
k
1
2
− 1
4a+4ε
)∣∣∣∣
hk
= −|u− v|
2
p
2
+
n log k
k
1
2a+2ε
− n log pi
k
1
2a+2ε
+O
(
1
k1+
1
2a+2ε
)
.
One of the key ingredients in our proofs is the following estimate on the Bergman kernel coefficients
bm(x, z). We emphasize again that bm(x, z) are particular almost holomorphic extensions of the
Bergman kernel coefficients bm(x, x¯) appearing in the on-diagonal expansion (1.1) of Zelditch [Ze98]
and Catlin [Ca99].
Theorem 1.5. Assume the Kähler potential φ is in Gevrey class Ga(V ) for some a > 1. Let
bm(x, z) be the almost holomorphic extensions (defined by (5.1)) of the Bergman kernel coefficients
bm(x, x¯). Then, there exists a neighborhood U ⊂ V of p, such that for any m ∈ N we have
‖bm(x, z)‖L∞(U×U) ≤ Cmm!2a+2ε,
where C is a constant independent of m but dependent on ε. Moreover, we have the following
estimates on the derivatives of bm(x, z). Denote v = (x, z). For any multi-indices α and β and any
(x, z) ∈ U × U
(1.9)
∣∣∣DαvDβv bm(x, z)∣∣∣ ≤ Cm+|α|+|β|m!2a+2εα!a+εβ!a+ε exp(−b(1− δ0(|β|))|x − z¯|− 1a−1),
4 XU
where C is a constant independent of m,α, β but dependent on ε, and δ0(|β|) = 1 only if β = 0 and
is zero otherwise. The constant b is positive and is independent of α, β,m, ε. In addition, when we
are restricted to the diagonal z = x¯, we can choose ε = 0.
Remark 1.6. We conjecture that in the Gevrey a case, there exist certain almost holomorphic
extension bm(x, z) of the Bergman coefficients bm(x, x¯) such that
(1.10)
∥∥∥DαvDβv bm(x, z)∥∥∥
L∞(U×U)
≤ Cm+|α|+|β|m!2a−1α!aβ!a exp
(
−b(1− δ0(|β|))|x − z¯|−
1
a−1
)
As we show in this paper, if this conjecture holds true, then all of the above results can be improved
accordingly. In particular, the quantities N0(k) = [(k/C)
1
2a+2ε ] and e−δk
1
2a+2ε
in the remainder
estimate of Theorem 1.1 would be replaced by [(k/C)
1
2a−1 ] and e−δk
1
2a−1
, moreover Corollary 1.3
would hold for all D(x, y) ≤ 12δk−1+
1
2a−1 . We expect (1.10) is the best possible result one can seek,
because by [LuTi04] the leading term in bm(x, x¯) is
m
(m+1)!∆
m−1ρ(x) where ρ is the scalar curvature,
so when the metric is in Gevrey class Ga, we have m(m+1)!∆
m−1ρ(x) ≈ Cmm!2a−1. However we are
unable to prove this conjecture for general Gevrey a Kähler metrics using our method, which is
based on a recursive formula of [BeBeSj08]. In Section 6, we discuss the optimality and limitations
of this method.
There is a huge literature on Bergman kernels on complex manifolds. Before closing the introduction
we only list some related work that were not cited above: [BoSj75, En00, Ch03, Lo04, LuTi04, Lo04,
MaMa08, Liu10, LiuLu15, Se15, LuZe16, Ze16, LuSe17]. Applications of the Bergman kernel, and
the closely related Szegö kernel, can be found in [Do01], [BlShZe00], [ShZe02], [YuZh16]. The
book of Ma and Marinescu [MaMa07] contains an introduction to the asymptotic expansion of the
Bergman kernel and its applications. See also the book review [Ze09] for more on the applications
of Bergman kernels.
Organization of the paper. In Sections 2 and 3, we follow the construction of local Bergman
kernel in [BeBeSj08], but we obtain precise estimates for the error term by using the growth rate of
Bergman coefficients bm(x, z) provided by Theorem 1.5. In Section 4, we give the proofs of Theorem
1.1 and Corollaries 1.2 and 1.3. The proof of Theorem 1.5 will be given in Section 5. Section 6
discusses the optimality of our bounds on Bergman coefficients. Section 7 contains the proofs of the
properties of almost homomorphic extensions of Gevrey functions.
2. Local Bergman kernels
In [BeBeSj08], by using good complex contour integrals, Berman-Berndtsson-Sjöstrand constructed
local reproducing kernels (mod e−kδ) for U = Bn(0, 1) ⊂ Cn, which reproduce holomorphic sections
in U up to e−kδ error terms. These kernels are in general not holomorphic. By allowing more
flexibility in choosing the amplitudes in the integral, the authors modified these local reproducing
kernels to local Bergman kernels, which means that they are almost holomorphic local reproducing
kernels mod O(k−N ). The global Bergman kernels are then approximated using the standard
Hörmander’s L2 estimates.
Throughout this paper, we assume that φ is in the Gevrey class Ga(V ) for some open neighborhood
V ⊂ M of a given point p. Let Bn(0, r) be the ball of radius r in Cn. We identify p with 0 ∈ Cn
and V with the ball Bn(0, 3) ⊂ Cn and denote U = Bn(0, 1). Let eL be a local holomorphic frame
of L over V as introduced in the introduction. For each positive integer k, we denote Hkφ(U) to be
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the inner product space of L2-holomorphic functions on U with respect to
(u, v)kφ =
∫
U
uv¯ e−kφdVol,
where dVol = ω
n
n! is the natural volume form induced by the Kähler form ω =
√−1
2 ∂∂¯φ. So the
norm of u ∈ Hkφ(U) is given by
‖u‖2kφ =
∫
U
|u|2e−kφdVol.
Let χ ∈ C∞0 (Bn(0, 1)) be a smooth cut-off function such that χ = 1 in Bn(0, 12) and vanishes outside
Bn(0, 34). The following result gives a refinement of the the result of [BeBeSj08] by providing a
more precise estimate for the error term when the Kähler potential is in Gevrey class Ga. The main
ingredient of the proof is Theorem 1.5, whose proof is delayed to Section 5.
Proposition 2.1. For each N ∈ N, there exist K(N)k,x (y) ∈ Hkφ(U) and a positive constant C
independent of N and k, such that for all u ∈ Hkφ(U) we have
∀x ∈ Bn(0, 1/4) : u(x) =
(
χu,K
(N)
k,x
)
kφ
+ kne
kφ(x)
2 RN+1(φ, k)‖u‖kφ,(2.1)
where
(2.2) |RN+1(φ, k)| ≤ C
N+1(N + 1)!2a+2ε
kN+1
.
The function K
(N)
k,x is called a local Bergman kernel of order N .
Remark 2.2. In [BeBeSj08], only the qualitative estimate RN+1(φ, k) = ON ( 1kN+1 ) is given.
To prove Proposition 2.1, we first need to recall the techniques of [BeBeSj08].
2.1. Review of the method of Berman-Berndtsson-Sjöstrand. The main idea is to construct
the local almost holomorphic reproducing kernel (also called local Bergman kernel) by means of the
calculus of contour pseudo-differential operators (contour ΨDO for short) introduced by Sjöstrand
[Sj82]. Before we introduce the notion of contour integrals we present some notations and definitions.
Suppose φ(x) is in Gevrey class Ga(V ) and V = Bn(0, 3). By replacing φ(x) by φ(x)−φ(0), we can
assume that φ(0) = 0. We then denote ψ(x, z) = F (φ)(x, z) defined later in Definition 2.4 to be
one holomorphic extension of φ(x). Moreover, since φ(x) is real-valued, we have ψ(x, z) = ψ(z¯, x¯).
We also define
(2.3) θ(x, y, z) =
∫ 1
0
(Dxψ)(tx+ (1− t)y, z)dt,
where the differential operator Dx is the gradient operator defined by
Dx = (Dx1 ,Dx2 , · · · ,Dxn).
Note that θ(x, x, z) = ψx(x, z). It is easy to prove that the Jacobian of the map (x, y, z)→ (x, y, θ)
at (x, y, z) = (0, 0, 0) is non-singular. Thus the map is actually an almost biholomorphic map
between two neighborhoods of the origin of C3n. As a result, we can use (x, y, z) or (x, y, θ)
as local coordinates interchangeably. Without loss of generality we can assume that (x, y, z) ∈
Bn(0, 3) ×Bn(0, 3) ×Bn(0, 3) and θ ∈W , where
W = θ (Bn(0, 3) ×Bn(0, 3) ×Bn(0, 3)) .
Note that W contains the origin because by our assumption φ(0) = 0.
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A fundamental idea of [BeBeSj08] is to use the estimate
(2.4) u(x) = cn
(
k
2pi
)n ∫
Λ
ek θ·(x−y)u(y)χ(y)dθ ∧ dy +O(e−kδ)ekφ(x)2 ‖u‖kφ
which holds uniformly for x ∈ Bn(0, 14 ), for any holomorphic function u defined on Bn(0, 1). Here,
cn = i
−n2 , δ is a positive constant, and Λ = {(y, θ) : θ = θ(x, y)} is a good contour, which means
that there exists δ > 0 such that for any x, y in a neighborhood of the origin,
2Re θ · (x− y) ≤ −δ|x− y|2 − φ(y) + φ(x).(2.5)
One can easily verify that
(2.6) Λ = {(y, θ) : θ = θ(x, y, y¯)},
with θ(x, y, z) defined by (2.3), is a good contour by observing that
θ · (x− y) = ψ(x, y¯)− ψ(y, y¯).
To put (2.4) into a useful perspective, one should think of the integral in (2.4) as a contour ΨDO
defined as follows. Let a = a(x, y, θ, k) be an almost holomorphic symbol in Bn(0, 3)×Bn(0, 3)×W ,
with an asymptotic expansion of the form
a(x, y, θ, k) ∼ a0(x, y, θ) + a1(x, y, θ)
k
+
a2(x, y, θ)
k2
+ · · · .
For simplicity, we will suppress the dependency on k and write a = a(x, y, θ).
A ΨDO associated to a good contour Λ and an amplitude a(x, y, θ), is an operator on C∞0 (U)
defined by
OpΛ(a)u = cn
(
k
2pi
)n ∫
Λ
ek θ·(x−y)a(x, y, θ)u(y) dθ ∧ dy.
Thus in this language (2.4) means that for x ∈ Bn(0, 1/4)
(χu)(x) = OpΛ(1)(χu) +O(e
−kδ)e
kφ(x)
2 ‖u‖kφ.
Roughly speaking this says that OpΛ(1) is the identity operator mod O(e
−kδ). We define the integral
kernel Kk,x(y) of OpΛ(a) with respect to the inner product (·, ·)kφ, by
OpΛ(a)u = (u,Kk,x)kφ .
The first observation is that the kernel Kk,x(y) of OpΛ(1), associated to the contour (2.6), is not
almost holomorphic. The idea of [BeBeSj08] is to replace OpΛ(1) by OpΛ(1 + a) where a(x, y, θ) is
a negligible amplitude and the kernel of OpΛ(1 + a) is almost holomorphic. An amplitude a(x, y, θ)
is negligible if
OpΛ(a)(χu) = O(k
−∞)e
kφ(x)
2 ‖u‖kφ.
To find a suitable condition for negligible amplitudes one formally writes
OpΛ(a) = OpΛ(Sa|x=y),
where S is a standard operator that is used in microlocal analysis to turn a symbol a(x, y, θ) of a
ΨDO to a symbol of the form a˜(x, θ). The operator S is formally defined by
S = e
Dθ ·Dy
k =
∞∑
m=0
(Dθ ·Dy)m
m!km
.
Then an amplitude a is negligible if Sa|x=y ∼ 0 as a formal power series. This implies that there
exists an almost holomorphic vector field A(x, y, θ) with formal power series
A(x, y, θ) ∼ A0(x, y, θ) + A1(x, y, θ)
k
+
A2(x, y, θ)
k2
+ · · · .
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such that
(2.7) Sa ∼ k(x− y) · SA mod I∞,
where I∞ is the set of functions f such that for any multi-index α, Dαf = 0 when x = y = z¯. Here
am(x, y, θ) are almost holomorphic functions and Am(x, y, θ) are almost holomorphic vector fields
in Cn, defined on Bn(0, 3) ×Bn(0, 3) ×W .
One particular SA can be solved as follows. First note that by (2.7) we must have (SA)0 = 0 and
A0 = 0. Then we put
(2.8) SA(x, y, z) = −1
k
∫ 1
0
(DySa)(x, tx + (1− t)y, z)dt.
By taking S−1, A can be solved uniquely as
(2.9) A(x, y, z) = −1
k
S−1
∫ 1
0
(DySa)(x, tx+ (1− t)y, z)dt.
Then by the fundamental theorem of calculus we have
Sa(x, y, z) = k(x− y) · SA(x, y, z) − (x− y) ·
∫ 1
0
(Dy¯Sa)(x, tx+ (1− t)y, z)dt.
By using the inverse operator S−1,we have
a(x, y, z) = Dθ · A+ k(x− y) ·A− (x− y) · S−1
∫ 1
0
(Dy¯Sa)(x, tx+ (1− t)y, z)dt.
We use a(N) and A(N) to denote the partial sums of a and A up to order 1
kN
respectively. And we
denote
∇A := Dθ ·A+ k(x− y) · A.
Since A0 = 0, we obtain
a(N) −∇
(
A(N+1)
)
=
Dθ ·AN+1
kN+1
− (x− y) ·
(
S−1
∫ 1
0
(Dy¯Sa)(x, tx+ (1− t)y, z)dt
)(N)
.(2.10)
Next, we observe that the integral kernel of OpΛ(1 + a) is almost holomorphic if
(2.11) 1 + a(x, y, θ) ∼ B(x, z(x, y, θ))∆0(x, y, θ),
where
∆0(x, y, θ) =
detψyz(y, z)
det θz(x, y, z)
,
and B(x, z) is almost holomorphic and has an asymptotic expansion of the form
(2.12) B(x, z) ∼ b0(x, z) + b1(x, z)
k
+
b2(x, z)
k2
+ · · · ,
where bm(x, z) are almost holomorphic. In fact, as it turns out, bm(x, z) are an almost holomorphic
extensions of bm(x, x¯), the Bergman kernel coefficients of the on-diagonal asymptotic expansion of
Zelditch-Catlin (1.1).
If the amplitude a is negligible, then by applying S(·)|x=y to both sides of (2.11), we get
S (B(x, z(x, y, θ))∆0(x, y, θ)) |x=y ∼ 1.
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From this, one gets the following recursive equations for Bergman kernel coefficients bm(x, z), which
will play a key role in the proof of Theorem 1.5:
(2.13) bm(x, z(x, x, θ)) = −
m∑
l=1
(Dy ·Dθ)l
l!
(
bm−l (x, z(x, y, θ)) ∆0(x, y, θ)
)∣∣∣
y=x
.
Additionally, by comparing the coefficients on both sides of (2.11), we have the following relations
between am and bm:
(2.14) am(x, y, θ) =
{
∆0(x, y, θ)− 1 when m = 0,
bm(x, z(x, y, θ))∆0(x, y, θ) when m ≥ 1.
These equations will be useful in estimating am in terms of the bounds on bm from Theorem 1.5.
2.2. Almost Holomorphic Extensions of Gevrey functions. In this section, we will review
the Gevrey class and consider almost holomorphic extensions of functions in such a class. Indeed,
there are many different ways to construct almost holomorphic functions. We will adapt the way in
[Ju97] to construct a particular one which is suitable for our analysis. Afterwards, various properties
of such an extension are introduced, which will be used for the proof of Proposition 2.1 in Section
3. Although all the properties are natural and elementary, the proofs are however very lengthy. For
the convenience of the readers, we shall only state the results we need and postpone the proofs to
Section 7.
We recall the definition of Gevrey class Ga(U). For more details, we refer the readers to [Ge18].
Take α, β ∈ (Z≥0)n. Here are some standard notations of multi-indices we shall use in the following.
• |α| = α1 + α2 + · · · + αn.
• α ≤ β if α1 ≤ β1, α2 ≤ β2, · · · , αn ≤ βn.
• α < β if α ≤ β and α 6= β.
• α! = α1!α2! · · ·αn!.
Definition 2.3. Let a ∈ (1,∞) and U be an open subset of Cn. We denote by Ga(U) the set of
functions f(x) ∈ C∞(U,C) such that there exists some constant C0 = C0(f) > 0 and C1 = C1(f) >
0, satisfying
(2.15) ‖DαxDβx¯f‖L∞(U) ≤ C0C |α|+|β|1 (α!β!)a,
for any multi-indices α, β ≥ 0. The space Ga(U) is called the Gevrey class of index a. Note that
each class Ga(U) forms an algebra which is closed under differentiation and integration.
For any f ∈ Ga(U), an almost holomorphic extension F (f)(x, z) is a smooth function on U × U
such that F (f)(x, x¯) = f(x) and the anti-holomorphic derivatives have infinite vanishing order along
x = z¯. We will use the way in [Ju97] to construct a particular almost holomorphic extension. In fact
the construction of [Ju97] is adapted from Borel’s method (see also Hörmander[Ho68] ). Here, we
follow [Ju97] but we use a cut-off function χ in the Gevrey class ∈ G1+ε(R) where ε is an arbitrary
positive constant, and
(2.16) χ(x) =
{
1 |x| ≤ 12 ,
0 |x| ≥ 1.
To show the existence of such a cut-off function, one can use the fact that for any ε > 0, the function
defined as
fε(x) =
{
exp(−x− 1ε ) x > 0
0 x ≤ 0,
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belongs to G1+ε(R) (See [CC05] for more details). Then by the standard construction, we define
g(x) =

0 x ≤ 0,∫ x
0
fε(t)fε(
1
2
−t)dt∫ 1
0
fε(t)fε(
1
2
−t)dt x ∈ (0, 1),
1 x ≥ 1.
We can take our cut-off function to be χ(x) = g(x+ 1)g(−x + 1).
We now define our almost holomorphic extension of Gevrey functions.
Definition 2.4. Let a ∈ (1,∞), U be the unit ball B(0, 1) in Cn, and f(x) ∈ Ga(U). Let C1 = C1(f)
be the constant in Definition 2.3. Then for (y, z) ∈ U×U , we define an almost holomorphic extension
F (f)(y, z) =
∑
α,β≥0
DαxD
β
x¯f
α!β!
(
y + z¯
2
)(
y − z¯
2
)α(z − y¯
2
)β
χ
(
|α+ β|2(a−1)4a−1C21 |y − z¯|2
)
.
We will justify that F (f) defined as above is genuinely an almost holomorphic extension of f
along y = z¯. It is easy to see F (f)(x, x¯) = f(x). And in the next lemma, we will verify that
Dy¯F (f)(y, z) = O(|y − z¯|∞), and Dz¯F (f)(y, z) = O(|y − z¯|∞). To be more precise, we show that
these quantities vanish at a certain exponential rate along y = z¯.
Lemma 2.5. There exist positive constants C and b such that for any y, z ∈ U , the almost holo-
morphic extension F (f) satisfies
|Dy¯F (f)(y, z)| ≤ C exp
(
−b|y − z¯|− 1a−1
)
,
|Dz¯F (f)(y, z)| ≤ C exp
(
−b|y − z¯|− 1a−1
)
.
(2.17)
In particular, F (f) is almost holomorphic along y = z¯.
Indeed, there are various ways to define an almost holomorphic extension besides Definition 2.4.
But they are all the same up to an O(|y − z¯|∞) error term.
Lemma 2.6. Let U be the unit ball B(0, 1) in Cn and f(x) ∈ C∞(U). If F (y, z), F˜ (y, z) ∈
C∞(U × U) are both almost holomorphic extensions of f , then
F (y, z) − F˜ (y, z) = O (|y − z¯|∞) .
Next, we show a more general version of Lemma 2.5, which gives estimates on all the derivatives of
F (f). It turns out that if f ∈ Ga(U), then F (f) ∈ Ga+ε(U × U) and when the anti-holomorphic
derivative appears, it always vanishes to infinite order along y = z¯ at a certain exponential rate.
Lemma 2.7. Take f ∈ Ga(U). Let C0(f) and C1(f) be the constants satisfying (2.3) for f . Then
for any ε > 0, there exist positive constants C1 = C1(ε, a, C1(f)), b = b(a,C1(f)) and A = A(a, n)
such that for any multi-indices γ, δ, ξ, η ≥ 0, we have
(2.18) |DγyDδzDξy¯Dηz¯F (f)(y, z)| ≤ AC0(f)C |γ+δ+ξ+η|1 (γ!δ!ξ!η!)a+ε,
hence F (f)(y, z) ∈ Ga,ε(U × U). Moreover, if ξ + η > 0, then
(2.19) |DγyDδzDξy¯Dηz¯F (f)(y, z)| ≤ AC0(f)C |γ+δ+ξ+η|1 (γ!δ!ξ!η!)a+ε exp
(
−b|y − z¯|− 1a−1
)
.
In addition, when we are restricted to the diagonal z = y¯, we can let ε = 0 in the above estimates.
This motivates us to give the following definition.
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Definition 2.8. Let U be an open neighborhood of the origin in C2n and let ε > 0 be a constant.
A function F (y, z) ∈ C∞(U) is called Ga,ε-almost holomorphic along the diagonal z = y¯ if there
exist positive constants C0 = C0(F ), C1 = C1(F ) and b = b(F ) such that for any multi-indices
γ, δ, ξ, η ≥ 0, we have
(2.20) |DγyDδzDξy¯Dηz¯F (y, z)| ≤ C0C |γ+δ+ξ+η|1 (γ!δ!ξ!η!)a+ε.
And when ξ + η > 0, we have
(2.21) |DγyDδzDξy¯Dηz¯F (y, z)| ≤ C0C |γ+δ+ξ+η|1 (γ!δ!ξ!η!)a+ε exp
(
−b|y − z¯|− 1a−1
)
.
In addition, when we are restricted to the diagonal z = y¯, we can let ε = 0 in the above estimates.
We use Aa,εdiag(U) for the class of such functions. And we also use Ia,εdiag(U) for functions F (y, z) ∈
C∞(U × U) satisfying (2.21) with no restrictions on ξ and η (i.e. (2.21) holds even if ξ = η = 0).
And we say a vector belongs to Aa,εdiag(U) or Ia,εdiag(U) if each component function belongs to that
class. Obviously, we have ∂Aa,εdiag(U) ⊂ Ia,εdiag(U).
Since the recursive formula for Bergman coefficients requires studying functions of three variables
in Cn, we also present the following definition for functions in C3n.
Definition 2.9. Let ε > 0 be a constant. Let θ(x, y, z) be a function on U such that Φ : (x, y, z)→
(x, y, θ(x, y, z)) is a diffeomorphism between U and its image denoted by an open set U ′ ⊂ C3n.
Take f(x, y, θ) ∈ C∞(U ′). Denote v′ = (x, y, θ). We say f(x, y, θ) is Ga,ε-almost holomorphic
along x = y = z¯ under θ, if there exist some positive constants C0 = C0(f), C1 = C1(f), and
b = b(f), such that for any multi-indices α, β ≥ 0, we have
(2.22)∣∣∣(Dαv′Dβv¯′f) (x, y, θ(x, y, z))∣∣∣ ≤ C0C |α+β|1 (α!β!)a+ε exp(−b (1− δ0(|β|))max{|x− z¯|, |y − z¯|}− 1a−1) ,
where δ0(·) is the delta function whose value is 1 at 0 and it is zero elsewhere. In addition, when
we are restricted to x = y = z¯, we can let ε = 0 in the above estimate.
We use Aa,εθ (U ′) to denote the set of all Ga,ε-almost holomorphic functions along x = y = z¯ under
θ in the above sense. We will also use Ia,εθ (U) for smooth functions f(x, y, θ) such that for any
multi-indices α, β ≥ 0,∣∣∣(Dαv′Dβv¯′f) (x, y, θ(x, y, z)∣∣∣ ≤ C0C |α+β|1 (α!β!)a+ε exp(−bmax{|x− z¯|, |y − z¯|}− 1a−1) ,
And we say a vector belongs to Aa,εθ (U) or Ia,εθ (U) if each component function belongs to that class.
In the following, for simplicity we will use the notation
λb,|β|(x, y, z) = exp
(
−b (1− δ0(|β|))max{|x− z¯|, |y − z¯|}−
1
a−1
)
(2.23)
Remark 2.10. Note that by the above notation, Aa,εz (or Ia,εz ) meansAa,εθ (or Ia,εθ ) when θ(x, y, z) =
z, which corresponds to the case Φ = I.
The space Aa,εθ (U) is closed under algebraic operations and differentiations.
Lemma 2.11. For each θ as described in the previous definition, Aa,εθ (U) is closed under summation,
subtraction, multiplication and differentiation. It is also closed under division if the denominator is
uniformly away from zero in U .
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In particular, suppose f, g ∈ Aa,εθ (U). Then we can choose the constants appearing in (2.22) for the
product fg ∈ Aa,εθ (U) as
C0(fg) = C0(f)C0(g), C1(fg) = 2max{C1(f), C1(g)}, and b(fg) = min{b(f), b(g)}.
And for the differentiation, we can choose the constants as
C0(D
α
v′D
β
v¯′f) = C0(f)(2
aC1(f))
|α+β|, C1(Dαv′D
β
v¯′f) = 2
aC1(f), and b(D
α
v′D
β
v¯′f) = b(f),
where v′ = (x, y, θ).
We shall use the following lemma that Aa,εz is closed under certain integrals.
Lemma 2.12. If f(x, y, z) ∈ Aa,εz , then g(x, y, z) =
∫ 1
0 f(x, tx+ (1 − t)y, z)dt ∈ Aa,εz . And we can
choose the constants appearing in Definition 2.9 as
C0(g) = C0(f), C1(g) = 2
a+ε+1C1(f), b(g) = b(f).
Similarly, If f(x, y, z) ∈ Ia,εz , then g(x, y, z) =
∫ 1
0 f(x, tx+ (1− t)y, z)dt ∈ Ia,εz . And we can choose
C0(g) = C0(f), C1(g) = 2
a+ε+1C1(f), b(g) = b(f).
The space Aa,εθ is also closed under composition in the following sense.
Lemma 2.13. Let f(x, y, z) ∈ Aa,εz (U) be a function defined on U ⊂ C3n. Let θ(x, y, z) be a map
on U such that Φ : (x, y, z) → (x, y, θ(x, y, z)) ∈ is a diffeomorphism between U and its image
denoted by an open set U ′ ⊂ C3n. Let Φ−1 : (x, y, θ)→ (x, y, z(x, y, θ)) be the inverse map of Φ. If
z = z(x, y, θ) ∈ Aa,εθ (U ′), then the composition function f˜(x, y, θ) = f(x, y, z(x, y, θ)) ∈ Aa,εθ (U ′).
In particular, if we use C0(f), C1(f) and b(f) to denote the constants in (2.22) for an the function
f , then we can choose the constants for f˜ as
C0(f˜) = C0(f), C1(f˜) = 2
a+ε+3mma+ε−1C0(z(x, y, θ))C1(f)C(z(x, y, θ)),
and
b(f˜) = min{b(f), b(z(x, y, θ))},
where m = 3n, C0(z(x, y, θ)) = max1≤i≤nC0(zi(x, y, θ)), C1(z(x, y, θ)) = max1≤i≤nC1(zi(x, y, θ)),
and b(z(x, y, θ)) = min1≤i≤n b(zi(x, y, θ)).
Remark 2.14. In Lemma 2.13, if we further assume that f(x, y, z) ∈ Ia,εz , then the composition f˜
belongs to Ia,εθ with the same choice of constants.
Now suppose U = B(0, 1) ⊂ Cn and the Kähler potential φ belongs to Ga(U) and let ψ = F (φ) be
the almost holomorphic extension of φ defined by (2.4). Then it is easy to see that ψ(y, z) ∈ Aa,εz (U).
Further by using Lemma 2.12, if we take θ(x, y, z) =
∫ 1
0 (Dyψ)(tx + (1 − t)y, z)dt, then θ ∈ Aa,εz .
The following lemma says that the implicit functions z = z(x, y, θ) belong to Aa,εθ .
Lemma 2.15. Consider the following system of equations:
θ =
∫ 1
0
(Dyψ)(tx+ (1− t)y, z)dt .(2.24)
Then the implicit functions z = z(x, y, θ) determined by the above equations belong to Aa,εθ .
As we said at the beginning of this section, the proofs of all the above lemmas will be given in
Section 7.
We are now prepared to prove Proposition 2.1.
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3. The remainder estimates and the proof of Proposition 2.1
Let am, Am, and bm be given by (2.14), (2.9), and (2.12). Remember that a
(N), A(N), and B(N)
are the partial sums of a, A, and B up to order k−N . When we apply the method of Berman-
Berndtsson-Sjöstrand, the remainder term is closely related to the growth rate of am, Am and their
derivatives as we will see soon. So we will first make a series of lemmas on estimating am and Am
preparing for the proof of Proposition 2.1.
Let’s begin with estimating am.
Lemma 3.1. For each integer m ≥ 0, we have am(x, y, z) ∈ Aa,εz . And we can choose the constants
appearing in Definition 2.9 as
C0(am) = C
m+1m!2a+2ε, C1(am) = C, b(am) = b,
where C and b are some positive constants independent of m.
Proof. Recall the relations between am and bm from (2.14):
am(x, y, z) =
{
∆0(x, y, z)− 1 when m = 0,
bm(x, z)∆0(x, y, z) when m ≥ 1.
Since φ ∈ Ga , the almost holomorphic extension ψ(y, z) introduced as in definition 2.4 belongs to
Aa,εz . Recall that by Lemma 2.12, θ(x, y, z) =
∫ 1
0 (Dyψ)(tx+(1−t)y, z)dt ∈ Aa,εz . By Lemma 2.11, we
know Aa,εz is closed under certain algebraic operations and differentiation, ∆0(x, y, z) = detψyz(y,z)det θz(x,y,z)
is therefore also contained in Aa,εz . Since am(x, y, z) = bm(x, z)∆0(x, y, z) for m ≥ 1, by our Lemma
2.11 on the multiplication, we can choose
C0(am) = C0(bm)C0(∆0) = C
m+1m!2a+2ε,
C(am) = 2max{C1(bm), C1(∆0)},
and
b(am) = min{b(bm), b(∆0)}.
Thus, the result follows as C0(bm) = C
mm!2a+2ε for some positive constant C and C1(bm), b(bm)
are both independent of m by Theorem 1.5. In addition, it is easy to see that when we are restricted
to x = y = z¯, ε can be replaced by 0. 
Lemma 3.2. Denote a˜m = am(x, y, θ) = am(x, y, z(x, y, θ)). Then am(x, y, θ) ∈ Aa,εθ and we can
choose
C0(a˜m) = C
m+1m!2a+2ε, C1(a˜m) = C, b(a˜m) = b,
where C and b are some positive constants independent of m.
Proof. By Lemma 2.15, we have z = z(x, y, θ) ∈ Aa,εθ . Since a˜m is obtained from the composition
of am(x, y, z) and the map z = z(x, y, θ), by Lemma 2.13
C0(a˜m) = C0(am),
C1(a˜m) = 2
a+ε+9n(3n)a−1+εC0(z(x, y, θ))C1(am)C1(z(x, y, θ)),
b(a˜m) = min{b(am), b(z(x, y, θ))}.
So the result follows directly from Lemma 3.1. 
After we obtain the estimates on am(x, y, z) and am(x, y, θ), now we proceed to (Sa)m(x, y, z) and
(Sa)m(x, y, θ).
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Lemma 3.3. For each integer m ≥ 0, (Sa)m(x, y, θ) ∈ Aa,εθ and (Sa)m(x, y, z) ∈ Aa,εz . And we can
choose
C0((Sa)m(x, y, θ)) = C
m+1m!2a+2ε, C1((Sa)m(x, y, θ)) = C, b((Sa)m(x, y, θ)) = b,
C0((Sa)m(x, y, z)) = C
m+1m!2a+2ε, C1((Sa)m(x, y, z)) = C, b((Sa)m(x, y, z)) = b,
where C and b are some positive constants independent of m.
Proof. Since
Sa =
∞∑
i=0
(Dθ ·Dy)i
i!ki
∞∑
j=0
aj
kj
=
∞∑
m=0
∑
i+j=m
(Dθ ·Dy)iaj
i!km
,
we have
(Sa)m(x, y, θ) =
∑
i+j=m
(Dθ ·Dy)iaj
i!
(x, y, θ) =
∑
i+j=m
∑
|δ|=l
1
i!
(
l
δ
)
DδyD
δ
θaj(x, y, θ).
Denote v′ = (x, y, θ). Therefore,
Dαv′D
β
v¯′(Sa)m(x, y, θ) =
∑
i+j=m
∑
|δ|=i
1
i!
(
i
δ
)
D
α+(0,δ,δ)
v′ D
β
v¯′aj(x, y, θ)
By Lemma 3.2, we have∣∣∣Dαv′Dβv¯′(Sa)m(x, y, θ)∣∣∣
≤
∑
i+j=m
∑
|δ|=i
1
i!
(
i
δ
)
C |α+β|+2|δ|+j+1j!2a+2ε(α+ (0, δ, δ))!a+εβ!a+ελb,|β|(x, y, z)
≤
∑
i+j=m
ni
i!
2(a+ε)(|α|+2i)C |α+β|+2i+j+1j!2a+2εi!2a+2εα!a+εβ!a+ελb,|β|(x, y, z)
≤ Cm+1+|α+β|α!a+εβ!a+εm!2a+2ελb,|β|(x, y, z),
where C is a constant independent to m, which may vary from line to line, and b = b(am) is also
independent to m. So we obtain the result on (Sa)m(x, y, θ). Note θ(x, y, z) ∈ Aa,εz . The result on
(Sa)m(x, y, z) follows by Lemma 2.13 and keeping track of these constants. 
Next, we will estimate the growth of (SA)m(x, y, z) and (SA)m(x, y, θ).
Lemma 3.4. For each integer m ≥ 0, (SA)m(x, y, θ) ∈ Aa,εθ and (SA)m(x, y, z) ∈ Aa,εz . And we
can choose
C0((SA)m(x, y, θ)) = C
m+1m!2a+2ε, C1((SA)m(x, y, θ)) = C, b((SA)m(x, y, θ)) = b,
C0((SA)m(x, y, z)) = C
m+1m!2a+2ε, C1((SA)m(x, y, z)) = C, b((SA)m(x, y, z)) = b,
where C and b are some positive constants independent of m.
Proof. Recall (SA)0(x, y, z) = 0. By (2.8), for m ≥ 1, we have
(SA)m(x, y, z) = −
∫ 1
0
Dy(Sa)m−1(x, tx+ (1− t)y, z)dt.
By Lemma 3.3, we have Dy(Sa)m−1(x, y, z) ∈ Aa,εz . Then by Lemma 2.12 and Lemma 2.13, we have
(SA)m(x, y, z) ∈ Aa,εz and (SA)m(x, y, θ) ∈ Aa,εθ . The remaining part follows straightforwardly by
keeping track of the constants. 
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We define
(3.1) dm(x, y, z) =
∫ 1
0
Dy¯(Sa)m(x, tx+ (1− t)y, z)dt,
and
(3.2) dm(x, y, θ) = dm(x, y, z(x, y, θ)).
Since (Sa)m ∈ Aa,εz , we have Dy¯(Sa)m ∈ Ia,εz . By using Lemma 2.12 and Remark 2.14, we can also
similarly prove the following estimates on dm(x, y, z) and dm(x, y, θ).
Lemma 3.5. For each integer m ≥ 0, dm(x, y, θ) ∈ Ia,εθ and dm(x, y, z) ∈ Ia,εz . And we can choose
C0(dm(x, y, θ)) = C
m+1m!2a+2ε, C1(dm(x, y, θ)) = C, b(dm(x, y, θ)) = b,
C0(dm(x, y, z)) = C
m+1m!2a+2ε, C1(dm(x, y, z)) = C, b(dm(x, y, z)) = b,
where C and b are some positive constants independent of m.
Now that we have the estimates on (SA)m in Lemma 3.4, by using the operator S
−1, we obtain the
following estimates on Am.
Lemma 3.6. For each integer m ≥ 0, Am(x, y, θ) ∈ Aa,εθ and Am(x, y, z) ∈ Aa,εz . And we can
choose
C0(Am(x, y, θ)) = C
m+1m!2a+2ε, C1(Am(x, y, θ)) = C, b(Am(x, y, θ)) = b,
C0(Am(x, y, z)) = C
m+1m!2a+2ε, C1(Am(x, y, z)) = C, b(Am(x, y, z)) = b,
where C and b are some positive constants independent of m.
Formally, we write d =
∑∞
m=0
dm
km . Similarly, by using Lemma 3.5 and the operator S
−1, we obtain
the estimates on (S−1d)m.
Lemma 3.7. For each integer m ≥ 0, (S−1d)m(x, y, θ) ∈ Ia,εθ and (S−1d)m(x, y, z) ∈ Ia,εz . And we
can choose
C0((S
−1d)m(x, y, θ)) = Cm+1m!2a+2ε, C1((S−1d)m(x, y, θ)) = C, b((S−1d)m(x, y, θ)) = b,
C0((S
−1d)m(x, y, z)) = Cm+1m!2a+2ε, C1((S−1d)m(x, y, z)) = C, b((S−1d)m(x, y, z)) = b,
where C and b are some positive constants independent of m.
Since the proof of Lemma 3.6 and 3.7 follow in the same way as that of Lemma 3.3, we omit them
here.
We are now ready to estimate AN , A
(N) and Dθ · AN on the good contour Λ = {(y, θ(x, y, y¯)) :
x, y ∈ Bn(0, 1)}. For any smooth function f(x, y, θ), we denote
‖f(x, y, θ)‖L∞(Λ) := ‖f(x, y, θ(x, y, y¯))‖L∞(Bn(0,1)×Bn(0,1)).
Lemma 3.8. We have
(3.3) ‖A(N)(x, y, θ(x, y, y¯))‖L∞(Λ) ≤ Ck +
CNN !2a+2ε
kN
,
where C is some constant independent of N and k.
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Proof. Note that by the definition of A(N) and estimates on each Am in Lemma 3.6, we have
‖A(N)‖L∞(Λ) ≤
C1!2a+2ε
k
+
C22!2a+2ε
k2
+ · · ·+ C
NN !2a+2ε
kN
.
We need to study the function C
xx(2a+2ε)x
e(2a+2ε)xkx
. To find the minimum of this function we consider
f(x) = log
Cxx(2a+2ε)x
e(2a+2ε)xkx
= x logC + (2a+ 2ε)x log x− (2a+ 2ε)x− x log k , for x ∈ (0,∞).
Since
f ′(x) = logC + (2a+ 2ε) log x− log k,
the only critical point of f is x0 = (
k
C )
1
2a+2ε , and the function f is decreasing on the interval (0, x0]
and increasing on the interval [x0,∞). Hence if we take N0 = [( kC )
1
2a+2ε ], then by using Stirling’s
formula twice
N∑
m=1
Cmm!2a+2ε
km
≤ C ′
N∑
m=1
ma+ε
Cmmm(2a+2ε)
em(2a+2ε)km
≤ C ′
(
Na+ε+10 +N
a+ε(N −N0)C
NN (2a+2ε)N
e(2a+2ε)NkN
)
≤ C ′
((
k
C
) a+ε+1
2a+2ε
+Na+ε+1
CNN (2a+2ε)N
e(2a+2ε)NkN
)
≤ C ′
(
k +
C ′′NN !2a+2ε
kN
)
.
The result follows by replacing C ′ and C ′′ by a larger constant C. 
We also need the estimates on the anti-holomorphic derivatives of AN and A
(N).
Lemma 3.9. There exists positive constants C and b independent of N and k such that for any
(x, y) ∈ Bn(0, 1) ×Bn(0, 1), we have∣∣∣(Dθ¯ · A(N)) (x, y, θ(x, y, y¯)∣∣∣ ≤ (Ck + CNN !2a+2εkN
)
exp
(
−b|x− y|− 1a−1
)
,
∣∣∣(Dy¯ ·A(N)) (x, y, θ(x, y, y¯)∣∣∣ ≤ (Ck + CNN !2a+2ε
kN
)
exp
(
−b|x− y|− 1a−1
)
.
We omit the proof of this lemma here since it follows in a similar way as the previous lemma
by using Lemma 3.6 and the only difference is the extra exponential factor that comes from the
anti-holomorphic derivatives of Am since Am(x, y, θ) ∈ Aa,εθ .
Another key lemma is:
Lemma 3.10. There exists positive constants C and b independent of N and k, such that for any
(x, y) ∈ Bn(0, 1) ×Bn(0, 1), we have∣∣∣∣(S−1 ∫ 1
0
(Dy¯Sa)(x, tx+ (1− t)y, z)dt
)
m
(x, y, y¯)
∣∣∣∣ ≤ Cm+1m!2a+2ε exp(−b|x− y|− 1a−1) ,
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and∣∣∣∣∣
(
S−1
∫ 1
0
(Dy¯Sa)(x, tx+ (1− t)y, z)dt
)(N)
(x, y, y¯)
∣∣∣∣∣ ≤
(
Ck +
CNN !2a+2ε
kN
)
exp
(
−b|x− y|− 1a−1
)
.
Proof. The first inequality directly follows from Lemma 3.7 and the second inequality follows by
the same argument as in the proof of Lemma 3.8. 
Recalling (2.10) and using Lemma 3.6 and 3.10 together, we obtain the following corollary.
Corollary 3.11. There exists positive constants C and b independent of N , such that for any
(x, y) ∈ Bn(0, 1) ×Bn(0, 1), we have∣∣∣a(N) −∇(A(N+1))∣∣∣ (x, y, y¯) ≤ CN+1(N + 1)!2a+2ε
kN+1
+ |x− y|
(
Ck +
CNN !2a+2ε
kN
)
exp
(
−b|x− y|− 1a−1
)
.
Now we are ready to prove Proposition 2.1.
We claim that
(3.4) u(x) = OpΛ
(
1 + a(N)
)
(χu) + knRN+1(φ, k)e
kφ(x)
2 ‖u‖kφ,
where uniformly for x ∈ B(0, 14) we have
(3.5) |RN+1(φ, k)| ≤ C
N+1(N + 1)!2a+2ε
kN+1
,
and the integral kernel of OpΛ
(
1 + a(N)
)
is almost holomorphic. The complex conjugate of this
kernel is given by
(3.6) K
(N)
k,x (y) =
(
k
pi
)n
ekψ(x,y¯)
(
1 + a(N)(x, y, θ(x, y, y¯)
)
∆0(x, y, θ(x, y, y¯))
−1,
which by the relation (2.11) is reduced to
K
(N)
k,x (y) =
(
k
pi
)n
ekψ(x,y¯)B(N)(x, y¯).
Hence K
(N)
k,x (y) is almost holomorphic in y because B(x, z) is almost holomorphic.
In the light of (2.4), to prove (3.4) it suffices to show that
∀x ∈ B(0, 1
4
) :
∣∣∣OpΛ (a(N)) (χu)(x)∣∣∣ ≤ CN+1(N + 1)!2a+2εkN+1−n ekφ(x)2 ‖u‖kφ.
By definition,
OpΛ
(
a(N)
)
(χu)(x) = cn
(
k
2pi
)n ∫
Λ
ekθ·(x−y)u(y)χ(y) a(N) dθ ∧ dy.
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It is easy to see that using integration by parts (see for example the proof of Proposition 2.2 in
[BeBeSj08]), we get∫
Λ
ekθ·(x−y)u(y)χ(y)a(N)dθ ∧ dy =
−
∫
Λ
dχ ∧ u(y)ekθ·(x−y)A(N+1) ∧ dy +
∫
Λ
ekθ·(x−y)u(y)χ(y)
(
a(N) −∇
(
A(N+1)
))
dθ ∧ dy
−
∑
i,j
∫
Λ
ekθ·(x−y)u(y)χ(y)
∂Ai
∂θj
dθj ∧ d̂θi ∧ dy −
∑
i,j
∫
Λ
ekθ·(x−y)u(y)χ(y)
∂Ai
∂yj
dyj ∧ d̂θi ∧ dy
In the first integral, we have identified the n-vector A as an (n − 1, 0) form defined by A =∑n
j=1Aj d̂θj, where d̂θj is the wedge product of all {dθk}k 6=j such that dθj ∧ d̂θj = dθ.
We now estimate the integrals on the right hand side of the above equality. For the first integral,
as dχ(y) = 0 for y ∈ Bn(0, 12), we have |x − y| ≥ 14 for x ∈ Bn(0, 14) or otherwise the integrand
vanishes. If we take θ∗(x, y, z) =
∫ 1
0 (Dy¯ψ)(tx+ (1− t)y, z)dt, then by Taylor expansion we have
2Re (θ · (x− y)) + 2Re (θ∗ · (x− y)) = 2Re (ψ(x, y¯)− ψ(y, y¯)) ≤ φ(x)− φ(y)− δ|x − y|2,
where θ∗ = θ∗(x, y, y¯) and δ is some positive constant. Note that θ∗(x, y, z) ∈ Ia,εz by Lemma 2.12.
We have θ∗(x, y, y¯) = O(|x − y|∞). Thus by rescaling the unit ball, θ∗(x, y, y¯) can be absorbed
by δ|x − y|2. Therefore, by changing δ to a smaller constant, the integrand of the first integral is
bounded by some constant times
|u(y)|ekφ(x)2 − kφ(y)2 −δk
∣∣∣A(N+1)∣∣∣ .
So by using Cauchy-Schwartz inequality, we obtain the first integral is bounded by some constant
times
‖A(N+1)‖L∞(Λ)e
kφ(x)
2 ‖u‖kφe−δk.
By Lemma 3.8 and ke−δk ≤ (N+2)!
kN+1δN+2
, the first integral is bounded by
CN+1(N + 1)!2a+2ε
kN+1
e
kφ(x)
2 ‖u‖kφ.
For the second term, the integrand is bounded by some constant times
|u(y)|ekφ(x)2 − kφ(y)2 −kδ|x−y|2
∣∣∣a(N) −∇(A(N+1))∣∣∣ .
By Corollary 3.11, we have
e−kδ|x−y|
2
∣∣∣a(N) −∇(A(N+1))∣∣∣
≤C
N+1(N + 1)!2a+2ε
kN+1
+ e−kδ|x−y|
2
(
Ck +
CNN !2a+2ε
kN
)
exp
(
−b|x− y|− 1a−1
)
.
Note for any positive integer M ,
exp
(
−b|x− y|− 1a−1
)
≤
(
a− 1
b
)M(a−1)
M !a−1|x− y|M .
Take M = 2N + 4. Since for any x, y ∈ Bn(0, 1),
e−kδ|x−y|
2 |x− y|2N+4 ≤ (N + 2)!
(δk)N+2
,
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which implies
ke−kδ|x−y|
2
exp
(
−b|x− y|− 1a−1
)
≤
(
(a− 1)2a−2
b2a−2δ
)N+2
(2N + 4)!a−1
(N + 2)!
kN+1
≤
(
4a−1+ε(a− 1)2a−2
b2a−2δ
)N+2
(N + 2)!2a−1
kN+1
≤C
N+1(N + 1)!2a−1
kN+1
,
for some constant C independent to N . So it is easy to see that by choosing a larger constant C,
we have
e−kδ|x−y|
2
∣∣∣a(N) −∇(A(N+1))∣∣∣ ≤ CN+1(N + 1)!2a+2ε
kN+1
.
Therefore, the second integral is also bounded by C
N+1(N+1)!2a+2ε
kN+1
e
kφ(x)
2 ‖u‖kφ.
For the third and fourth terms, the integrands are respectively bounded by some constant times
|u(y)|ekφ(x)2 − kφ(y)2 −kδ|x−y|2
∣∣∣Dθ¯ · A(N+1)∣∣∣ , |u(y)|ekφ(x)2 − kφ(y)2 −kδ|x−y|2 ∣∣∣Dy¯ ·A(N+1)∣∣∣ .
By Lemma 3.9, we have
e−kδ|x−y|
2
∣∣∣Dθ¯ · A(N+1)∣∣∣ ≤ e−kδ|x−y|2 (Ck + CN+1(N + 1)!2a+2εkN+1
)
exp
(
−b|x− y|− 1a−1
)
,
and
e−kδ|x−y|
2
∣∣∣Dy¯ · A(N+1)∣∣∣ ≤ e−kδ|x−y|2 (Ck + CN+1(N + 1)!2a+2ε
kN+1
)
exp
(
−b|x− y|− 1a−1
)
,
By the same argument as estimating the second term, we have
ke−kδ|x−y|
2
exp
(
−b|x− y|− 1a−1
)
≤ C
N+1(N + 1)!2a−1
kN+1
.
By choosing a larger constant C,
e−kδ|x−y|
2
∣∣∣Dθ¯ · A(N+1)∣∣∣ ≤ CN+1(N + 1)!2a+2εkN+1 .
Therefore, the third and fourth integral are also bounded by C
N+1(N+1)!2a+2ε
kN+1
e
kφ(x)
2 ‖u‖kφ and the
result follows.
4. From local to global and the proof of Theorem 1.1
Let Kk(x, y) be the Bergman kernel of (M,L
k). As we noted before, we also write Kk(x, y) for the
representation of the Bergman kernel in the local frame ekL⊗ ekL and we denote Kk,y(x) := Kk(x, y).
In the last section, we constructed the local Bergman kernel of order N , which we denoted by
K
(N)
k (x, y) = K
(N)
k,y (x). In this section, we show that Kk(x, y) is equal to K
(N)
k (x, y) up to order
k−N when x, y are sufficiently close to each other. Moreover, we will give a precise upper bound for
the error term.
Proposition 4.1. There exists δ > 0 such that whenever d(x, y) < δ, we have
(4.1) Kk(x, y) = K
(N)
k (x, y) + k
3n
2 R˜N+1(φ, k)e
kφ(x)
2
+ kφ(y)
2 ,
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where
(4.2) |R˜N+1(φ, k)| ≤ C
N+1(N + 1)!2a+2ε
kN+1
,
and the constant C is independent of N , x, y, and k.
Proof. We fix x ∈M and assume that φ is in Gevrey a class in Bn(x, 3). Let χ be a smooth cut-off
function such that
χ(z) =
{
1 z ∈ Bn(x, 12 )
0 z /∈ Bn(x, 34 )
.
We assume y ∈ Bn(x, 14). We first observe that
(4.3) Kk(y, x) =
(
χKk,x,K
(N)
k,y
)
kφ
+ SN+1(φ, k)k
3n
2 ek(
φ(x)
2
+
φ(y)
2
),
where |SN+1(φ, k)| ≤ C
N+1(N+1)!2a+2ε
kN+1
. This is because, by Proposition 2.1, we have
Kk,x(y) =
(
χKk,x,K
(N)
k,y
)
kφ
+ knSN+1(φ, k)e
kφ(y)
2 ‖Kk,x‖kφ,
and by the reproducing property of Bergman kernel, we have
‖Kk,x‖kφe−k
φ(x)
2 ≤
∣∣∣‖Kk,x‖L2(M,Lk)∣∣∣
hk
=
√
|Kk(x, x)|hk ≤ Ck
n
2 .
That why |Kk(x, x)|hk ≤ Ckn follows from the extreme property of the Bergman function and also
the sub-mean value inequality. For a simple proof see for example Lemma 4.1 of [HeKeSeXu16].
Next, we define
(4.4) uk,y(z) = χ(z)K
(N)
k,y (z)−
(
χK
(N)
k,y ,Kk,z
)
kφ
.
Our goal is to estimate |uk,y(x)|. Since
(
χK
(N)
k,y ,Kk,x
)
kφ
is the Bergman projection of χK
(N)
k,y , uk,y
is the minimal L2 solution to the equation
∂u = ∂(χK
(N)
k,y ).
So by using Hörmander’s L2 estimates [Ho66] (see [Be10] for an exposition), we have
‖uk,y‖2L2 ≤
C
k
∥∥∥∂ (χK(N)k,y )∥∥∥2
L2
.
We have ∂(χK
(N)
k,y )(z) = ∂χ(z)K
(N)
k,y (z) + χ(z)∂K
(N)
k,y (z). Recall that by (3.6)
K
(N)
k,y (z) =
(
k
pi
)n
ekψ(z,y¯)B(N)(z, y¯).
For the first term, since ∂χ(z) is supported in d(z, x) ≥ 12 , if we choose d(x, y) ≤ 14 , then using
Reψ(z, y¯) ≤ −δ|z − y|2 + φ(x)
2
+
φ(y)
2
,
we have ∣∣∣∂χ(z)K(N)k,y (z)∣∣∣ ≤ Ckne−kδ+k φ(y)2 +k φ(z)2 ‖B(N)‖L∞(U×U).
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We can estimate ‖B(N)‖L∞(U×U) using our Theorem 1.5
‖B(N)‖L∞(U×U) ≤ 1 +
1
k
‖b1‖L∞(U×U) + . . .
1
kN
‖bN‖L∞(U×U)
≤ 1 + C1!
2a+2ε
k
+
C22!2a+2ε
k2
+ · · ·+ C
NN !2a+2ε
kN
≤ C
(
k +
CNN !2a+2ε
kN
)
.
Hence, ∣∣∣∂χ(z)K(N)k,y (z)∣∣∣ ≤kne−kδ+k φ(y)2 +k φ(z)2 (Ck + CNN !2a+2εkN
)
≤knek φ(y)2 +k φ(z)2 C
N+1(N + 1)!2a+2ε
kN+1
.
For the second term, we have∣∣∣χ(z)∂K(N)k,y (z)∣∣∣ ≤ Ckne−k|z−y|2+k φ(y)2 +k φ(z)2 (k ∣∣∂ψ(z, y¯)∣∣ ∣∣∣B(N)(z, y¯)∣∣∣+ ∣∣∣∂B(N)(z, y¯)∣∣∣) .
By using the fact that ψ(y, z) ∈ Aa,εdiag and Theorem 1.5,
k
∣∣∂ψ(z, y¯)∣∣ ∣∣∣B(N)(z, y¯)∣∣∣+ ∣∣∣∂B(N)(z, y¯)∣∣∣ ≤ Ck(k + CNN !2a+2ε
kN
)
exp(−b|z − y|− 1a−1 ).
Then by the fact that
e−kδ|x−y|
2
exp
(
−b|x− y|− 1a−1
)
≤ C
N+1(N + 1)!2a−1
kN+3
,
we have ∣∣∣χ(z)∂K(N)k,y (z)∣∣∣ ≤ knek φ(y)2 +k φ(z)2 CN+1(N + 1)!2a+2εkN+1 .
So ∣∣∣∂(χK(N)k,y )(z)∣∣∣ ≤ knek φ(y)2 +k φ(z)2 CN+1(N + 1)!2a+2εkN+1 ,(4.5)
and
‖uk,y‖2 ≤ C
k
‖∂
(
χK
(N)
k,y
)
‖2L2 ≤ Ck2nekφ(y)
(
CN+1(N + 1)!2a+2ε
kN+1
)2
.(4.6)
By using Bochner-Martinelli formula in a small Euclidean ball Bn(x, r), we have
r2n−1|uk,y(x)| ≤ C
∫
∂Bn(x,r)
|u(z)|dS + C
∫
Bn(x,r)
|∂u(z)| r
2n−1
|z − x|2n−1dV0,
where dS and dV0 are respectively the standard volume forms of ∂B
n(0, 1) and Bn(0, 1) in Euclidean
space. If we use the Bochner coordinates at x, then φ(z) − φ(x) = O(|z|2), and thus
e
k
(
φ(z)
2
−φ(x)
2
)
≤ C, for any z ∈ Bn(x, 1√
k
).
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By integrating the above inequality with respect to r from 0 to 1√
k
, we obtain
|uk,y(x)| ≤Ckn
∫
Bn(x, 1√
k
)
|u(z)|dV0 + Ckn
∫ 1√
k
0
∫
Bn(x,r)
|∂u(z)| r
2n−1
|z − x|2n−1dV0dr
≤Ckn
∫
Bn(x, 1√
k
)
|u(z)|dV0 + C‖e−
kφ(z)
2 ∂u(z)‖L∞e
kφ(x)
2
∫
Bn(x, 1√
k
)
1
|z − x|2n−1 e
k
(
φ(z)
2
−φ(x)
2
)
dV0
≤Ck n2 ekφ(x)2
(
‖u‖L2 + ‖e−
kφ(z)
2 ∂u(z)‖L∞
)
.
Therefore, by the estimates (4.5) and (4.6), it follows that
|uk,y(x)| ≤ Ck
3n
2 ek
φ(y)
2
+k
φ(x)
2
(
CN+1(N + 1)!2a+2ε
kN+1
)
.
Combining this estimate with (4.3) and recalling the definition of uk,y in (4.4), we get the result.
We point out that we have renewed the constant C at each step, but the final constant is inde-
pendent of k and N . We also note that the constant C may depend on the point x, however by a
simple compactness argument one can see that each such C can be bounded by a uniform constant
independent of x. 
Now we are ready to prove Theorem 1.1 and its corollaries.
4.1. Proof of Theorem 1.1. By Proposition 4.1, we just need to show that with N = N0 − 1 =
[(k/C)
1
2a+2ε ]− 1, we have2
k
3n
2 RN0(φ, k)e
kφ(x)
2
+ kφ(y)
2 = e
k
(
φ(x)
2
+
φ(y)
2
)
e−δk
1
2a+2ε
O(1).
However, by the same proposition we know that
|RN0(φ, k)| ≤
CN0N0!
2a+2ε
kN0
.
Hence it is enough to show that
CN0N0!
2a+2ε
kN0
= e−δk
1
2a+2ε
O(1).
By Stirling’s formula,
CN0N0!
2a+2ε
kN0
≤ C ′Na+ε0
CN0N0
(2a+2ε)N0
e(2a+2ε)N0kN0
≤ C ′Na+ε0 e−(2a+2ε)N0 ≤ C ′′k
1
2 e−(2a+2ε)(
k
C
)
1
2a+2ε
.
Since
k
3n
2
+ 1
2 e−(2a+2ε)(
k
C
)
1
2a+2ε ≤ C ′′′e−(a+ε)( kC )
1
2a+2ε
,
δ = a+ε
C
1
2a+2ε
would do the job.
2For convenience, we use N0 for N0(k) = [(k/C)
1
2a+2ε ].
22 XU
4.2. Proof of Corollary 1.2.
Proof. By Theorem 1.1, uniformly for any x, y ∈ U , we have
Kk(x, y) = e
kψ(x,y¯) k
n
pin
1 + N0(k)−1∑
j=1
bj(x, y¯)
kj
+ ek(φ(x)2 +φ(y)2 )e−δk 12a+2εO(1).
For any given positive integer N , we rewrite the above formula as follows.
Kk(x, y) = e
−kψ(x,y¯) k
n
pin
1 + N−1∑
j=1
bj(x, y¯)
kj
+
N0(k)−1∑
j=N
bj(x, y¯)
kj
+ e
k
2
(φ(x)+φ(y)−2ψ(x,y¯))e−δk
1
2a+2ε
O(1)
 .
Our first observation is that, if d(x, y) ≤
√
δk−
1
2
+ 1
4a+4ε , then∣∣∣∣ek2 (φ(x)+φ(y)−2ψ(x,y¯))e−δk 12a+2ε ∣∣∣∣ = ek2D(x,y)−δk 12a+2ε ≤ e− 14 δk 12a+2ε .
Now we estimate the term
∑N0−1
j=N
bj(x,y¯)
kj
. By Stirling’s formula, we have∣∣∣∣bj(x, y¯)kj
∣∣∣∣ ≤ Cjj!2a+2εkj ≤ C ′ja+εCjj(2a+2ε)je(2a+2ε)jkj .
Since C
jj(2a+2ε)j
e(2a+2ε)jkj
is monotonically decreasing for 1 ≤ j ≤ N0(k) − 1 (with the help of Stirling’s
formula once more), we get∣∣∣∣∣∣
N0−1∑
j=N
bj(x, y¯)
kj
∣∣∣∣∣∣ ≤C
NN !2a+2ε
kN
+
N0−1∑
j=N+1
C ′ja+ε
Cjj(2a+2ε)j
e(2a+2ε)jkj
≤C
NN !2a+2ε
kN
+ C ′Na+ε+10
CN+1(N + 1)(2a+2ε)(N+1)
e(2a+2ε)(N+1)kN+1
≤C
′′NN !2a+2ε
kN
.
Therefore,
Kk(x, y) =e
−kψ(x,y¯) k
n
pin
1 + N−1∑
j=1
bj(x, y¯)
kj
+
C ′′NN !2a+2ε
kN
+ e−
1
4
δk
1
2a+2ε
O(1)
 .
By the fact that
e−
1
4
δk
1
2a+2ε ≤
(
4
δ
)(2a+2ε)N ((2a+ 2ε)N)(2a+2ε)N
e(2a+2ε)NkN
≤
(
8a+ 8ε
δ
)(2a+2ε)N N !2a+2ε
kN
,
the first part of our result follows.
Now we prove the second part. Let b˜m(x, z) be another almost holomorphic extension of bm(x, x¯).
By Lemma 2.6, we have
|bm(x, y¯)− b˜m(x, y¯)| = O (|x− y|∞) = O
(
1
k∞
)
.
The second equality follows from our assumption that d(x, y) ≤ δk− 12+ 14a+4ε . So the result follows.

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Remark 4.2. Let b˜m be the almost holomorphic extension defined in Definition 2.4. If we take b˜m
in Corollary 1.2, then (1.5) and (1.6) hold. The reason is as follows.
For any M ∈ N, there exists CM such that∣∣∣bm(x, y¯)− b˜m(x, y¯)∣∣∣ ≤ CM |x− y|M+1.
And CM depends on the sup norm of the all the (M +1)th derivatives of bm(x, y¯) and b˜m(x, y¯). By
Theorem 1.5 and Lemma 2.7, we have
CM ≤ Cm+Mm!2a+2εM !a+ε−1,
where C is some positive constant independent of m. If we take M = [(N − m) 4a+4ε2a+2ε−1 ], then
|x− y|M+1 ≤ 1
kN−m , whence by Stirling’s formula we obtain∣∣∣bm(x, y¯)− b˜m(x, y¯)∣∣∣
km
≤Cm+Mm!2a+2εMM(a+ε−1)k−N
≤C ′Nm!2a+2ε(N −m)(N−m)(2a+2ε)k−N
≤C ′′Nm!2a+2ε(N −m)!2a+2εk−N ,
where C ′ and C ′′ are some positive constants independent of m. We rename C ′′ by C and (1.5),
(1.6) follows by
N−1∑
j=1
∣∣∣bj(x, y¯)− b˜j(x, y¯)∣∣∣
kj
≤
N−1∑
j=1
CNN !2a+2ε
kN
≤ (2C)
NN !2a+2ε
kN
.
4.3. Proof of Corollary 1.3. By Theorem 1.1, we have
Kk(x, y) = e
kψ(x,y¯) k
n
pin
1 + N0−1∑
j=1
bj(x, y¯)
kj
+ ekφ(x)2 + kφ(y)2 e−δk 12a+2εO(1).
Recall that D(x, y) = φ(x) + φ(y)− ψ(x, y¯)− ψ(y, x¯). Then
log |Kk(x, y)|hk = −
kD(x, y)
2
+ n log k − n log pi + log
∣∣∣∣∣∣1 +
N0−1∑
j=1
bj(x, y¯)
kj
+ e
Q(x,y)
2
k−δk
1
2a+2ε
O(1)
∣∣∣∣∣∣ ,
where Q(x, y) = φ(x) + φ(y)− 2ψ(x, y¯). So it is sufficient to prove
log
∣∣∣∣∣∣1 +
N0−1∑
j=1
bj(x, y¯)
kj
+ e
Q(x,y)
2
k−δk
1
2a+2ε
O(1)
∣∣∣∣∣∣ = log
(
1 +O
(
1
k
))
.
To do this we note that by our assumption D(x, y) ≤ 12δk−1+
1
2a+2ε , hence∣∣∣∣eQ(x,y)2 k−δk 12a+2ε ∣∣∣∣ = eD(x,y)2 k−δk 12a+2ε ≤ e− 3δ4 k 12a+2ε .
It remains to show that ∣∣∣∣∣∣
N0−1∑
j=1
bj(x, y¯)
kj
∣∣∣∣∣∣ = O
(
1
k
)
.
By the estimates on bj(x, y¯) from Theorem 1.5 and Stirling’s formula, we have
|bj(x, y¯)|
kj
≤ C
jj!2a+2ε
kj
≤ C ′ja+εC
jj(2a+2ε)j
e2jkj
.
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As shown in Lemma 3.8, the function f(x) = log C
xx(2a+2ε)x
e2xkx
is decreasing on the interval (0, ( kC )
1
2a+2ε ],
thus for j ∈ [2, N0 − 1],
|bj(x, y¯)|
kj
≤ C ′(N0 − 1)a+εC
224a+4ε
e4k2
≤ C ′′C2N
a+ε
0
k2
.
Therefore, ∣∣∣∣∣∣
N0−1∑
j=1
bj(x, y¯)
kj
∣∣∣∣∣∣ ≤ Ck + C ′′C2N
a+ε+1
0
k2
≤ C
k
+ C ′′C
1
k
= O
(
1
k
)
.
5. Estimates on Bergman Kernel Coefficients
As before, we assume the Kähler metric is in Gevrey class Ga(U) for some neighborhood U of p.
We will estimate the growth rate of the Bergman kernel coefficients bm(x, z) as m→∞ for x, z in
U . Our goal is to prove Theorem 1.5.
The key ingredient for the proof is the following recursive formula3 on bm(x, z) established in
[BeBeSj08].
(5.1) bm(x, z(x, x, θ)) = −
m∑
l=1
(Dy ·Dθ)l
l!
(
bm−l (x, z(x, y, θ)) ∆0(x, y, θ)
)∣∣∣
y=x
.
We will break the proof of Theorem 1.5 into two steps. The first step is to derive from the recursive
formula (5.1), a recursive inequality on ‖DµzDνz¯ bm(x, z)‖L∞(U×U) for some neighborhood U . The
second step is to estimate ‖DµzDνz¯ bm(x, z)‖L∞(U×U) by induction.
In the following we shall use the following standard notations for multi-indicies.
• 1 = (1, 1, · · · , 1).
• (αβ) = (α1β1)(α2β2) · · · (αnβn).
• ( lδ1,δ2,··· ,δn) = l!δ1!δ2!···δn! for any non-negative integer l and multi-index δ ≥ 0 such that |δ| = l.
Lemma 5.1. Suppose the Kähler potential φ ∈ Ga(U). Let W = {(x, z) ∈ U × U : x 6= z} and
b = min{b(∆0(x, y, θ)), b(ψxi(x, z)), b(zi(x, y, θ)) : 1 ≤ i ≤ n}.
If we denote v = (x, z) and
bm,µν¯ =
∥∥∥∥ 1λb,|ν|(x, x, z)DµvDνvbm(x, z)
∥∥∥∥
L∞(W )
,
then the exists some positive constant C independent of m,µ, ν, such that
bm,µν¯ ≤
m∑
l=1
∑
|δ|=l
δ!2a+2ε−1
∑
α,β≤δ
∑
|ξ+η|≤|α+β|
∑
µ0≤µ
∑
ν0≤ν
b
m−l,ξ˜+µ0η˜+ν0
(ξ!η!)a+ε
C |µ−µ0+ν−ν0|+|δ+ξ+η|
·
(
µ
µ0
)(
ν
ν0
)
(µ− µ0)!a+ε(ν − ν0)!a+ε,
(5.2)
where ξ, η ∈ (Z≥0)n and ξ˜ = (0, · · · 0, ξ), η˜ = (0, · · · , 0, η) ∈ (Z≥0)2n.
3We discussed its proof in (2.13).
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Proof. We first work on (Dy · Dθ)l
(
bm−l (x, z (x, y, θ))∆0 (x, y, θ)
)
. We expand (Dy · Dθ)l and
obtain
(Dy ·Dθ)l
(
bm−l (x, z (x, y, θ))∆0 (x, y, θ)
)
=
∑
|δ|=l
(
l
δ1, δ2, · · · , δn
)
DδyD
δ
θ
(
bm−l(x, z(x, y, θ))∆0(x, y, θ)
)
=
∑
|δ|=l
(
l
δ1, δ2, · · · , δn
) ∑
α,β≤δ
(
δ
α
)(
δ
β
)
DαyD
β
θ
(
bm−l(x, z(x, y, θ))
)
Dδ−αy D
δ−β
θ ∆0
=bm−l(x, z(x, y, θ))(Dy ·Dθ)l∆0(x, y, θ)
+
∑
|δ|=l
l!δ!
∑
α,β≤δ
α+β>0
∑
1≤|ξ+η|≤|α+β|
DξzD
η
z¯bm−l(x, z)
ξ!η!
Dδ−αy D
δ−β
θ ∆0
(δ − α)!(δ − β)!
∑
Aαβξη
∏
ij
D
αij
y D
βij
θ zi
αij !βij !
∏
ik
D
α′ik
y D
β′ik
θ zi
α′ik!β
′
ik!
,
(5.3)
where the index set Aαβξη is defined by
Aαβξη
=
{αij , βij}1≤i≤n,1≤j≤ξi, {α′ik, β′ik}1≤i≤n,1≤k≤ηi :
∑
1≤i≤n,1≤j≤ξi αij +
∑
1≤i≤n,1≤k≤ηi α
′
ik = α,∑
1≤i≤n,1≤j≤ξi βij +
∑
1≤i≤n,1≤k≤ηi β
′
ik = β,
αij + βij > 0, α
′
ik + β
′
ik > 0
 .
(5.4)
We now substitute (5.3) into equation (5.1) and obtain
bm(x, z(x, x, θ))
= −
m∑
l=1
(
1
l!
bm−l(x, z(x, x, θ))(Dy ·Dθ)l∆0(x, x, θ) +
∑
|δ|=l
δ!
∑
α,β≤δ
α+β>0
∑
1≤|ξ+η|≤|α+β|
DξzD
η
z¯ bm−l(x, z(x, x, θ))
ξ!η!
· D
δ−α
y D
δ−β
θ ∆0
(δ − α)!(δ − β)!(x, x, θ)
∑
Aαβξη
∏
ij
D
αij
y D
βij
θ zi
αij!βij !
(x, x, θ)
∏
ik
D
α′
ik
y D
β′
ik
θ zi
α′ik!β
′
ik!
(x, x, θ)
)
.
The correspondence (x, x, z)↔ (x, x, θ = ψx(x, z)), turns this into
bm(x, z)
= −
m∑
l=1
(
1
l!
bm−l(x, z)(Dy ·Dθ)l∆0(x, x, ψx(x, z)) +
∑
|δ|=l
δ!
∑
α,β≤δ
α+β>0
∑
1≤|ξ+η|≤|α+β|
DξzD
η
z¯bm−l(x, z)
ξ!η!
· D
δ−α
y D
δ−β
θ ∆0
(δ − α)!(δ − β)!(x, x, ψx(x, z))
∑
Aαβξη
∏
ij
D
αij
y D
βij
θ zi
αij !βij !
(x, x, ψx(x, z))
∏
ik
D
α′ik
y D
β′ik
θ zi
α′ik!β
′
ik!
(x, x, ψx(x, z))
)
.
Denote v = (x, z). Note that in this recursive formula, the coefficients bm depend on not only the
previous coefficients bm−l but also derivatives of bm−l. Hence, we need to include derivatives of bm
in our inductive argument. To do this we apply DµvDνv on both sides and obtain a recursive formula
26 XU
for the derivatives of bm.
DµvD
ν
vbm(x, z)
=−
m∑
l=1
∑
µ0≤µ
∑
ν0≤ν
(
µ
µ0
)(
ν
ν0
){
1
l!
Dµ0v D
ν0
v bm−l(x, z)D
µ−µ0
v D
ν−ν0
v
(
(Dy ·Dθ)l∆0(x, x, ψx(x, z))
)
+
∑
|δ|=l
δ!
∑
α,β≤δ
α+β>0
∑
1≤|ξ+η|≤|α+β|
Dµ0+ξ˜v D
ν0+η˜
v bm−l(x, z)
ξ!η!
·Dµ−µ0v Dν−ν0v
 Dδ−αy Dδ−βθ ∆0
(δ − α)!(δ − β)! (x, x, ψx(x, z))
∑
Aαβξη
∏
ij
D
αij
y D
βij
θ zi
αij !βij !
∏
ik
D
α′ik
y D
β′ik
θ zi
α′ik!β
′
ik!
(x, x, ψx(x, z))
}.
(5.5)
Now we will estimate the factor
Dµ−µ0v D
ν−ν0
v
 Dδ−αy Dδ−βθ ∆0
(δ − α)!(δ − β)! (x, x, ψx(x, z))
∑
Aαβξη
∏
ij
D
αij
y D
βij
θ zi
αij !βij !
∏
ik
D
α′ik
y D
β′ik
θ zi
α′ik!β
′
ik!
(x, x, ψx(x, z))
 .
Denote Φ(x, z) = (ϕ1, ϕ2, · · · , ϕ3n) = (x, x, ψx(x, z)), and w = (x, y, θ). In general, for any smooth
function f(x, y, θ) and any multi-indices µ, ν ∈ (Z≥0)2n, we have
DµvDνv
µ!ν!
(f (Φ(x, z))) =
∑
0≤|ρ+τ |≤|µ+ν|
DρwDτwf
ρ!τ !
∑
Aµνρτ
∏
ij
D
µij
v D
νij
v ϕi
µij!νij !
∏
ik
D
µ′
ik
v D
ν′
ik
v ϕi
µ′ik!ν
′
ik!
,
where the index set Aµνρτ is defined similar as in (5.4) with a minor change that 1 ≤ i ≤ 3n.
Applying this to our case, we obtain
DµvDνv
µ!ν!
 Dδ−αy Dδ−βθ ∆0
(δ − α)!(δ − β)! (x, x, ψx(x, z))
∑
Aαβξη
∏
ij
D
αij
y D
βij
θ zi
αij!βij !
∏
ik
D
α′ik
y D
β′ik
θ zi
α′ik!β
′
ik!
(x, x, ψx(x, z))

=
∑
0≤|ρ+τ |≤|µ+ν|
DρwDτw
ρ!τ !
 Dδ−αy Dδ−βθ ∆0
(δ − α)!(δ − β)!
∑
Aαβξη
∏
ij
D
αij
y D
βij
θ zi
αij!βij !
∏
ik
D
α′ik
y D
β′ik
θ zi
α′ik!β
′
ik!

·
∑
Aµνρτ
∏
ij
D
µij
v D
νij
v ϕi
µij!νij !
∏
ik
D
µ′ik
v D
ν′ik
v ϕi
µ′ik!ν
′
ik!
We will use C to denote a constant depending on constants ε, a, n and Kähler potential φ but
independent with all the indices m,µ, ν, which may vary from line to line. Since Φ(x, z) ∈ Aa,εdiag for
each 1 ≤ i ≤ n, we have
∣∣∣∣∣∣
∑
Aµνρτ
∏
ij
D
µij
v D
νij
v ϕi
µij !νij!
∏
ik
D
µ′ik
v D
ν′ik
v¯ ϕi
µ′ik!ν
′
ik!
∣∣∣∣∣∣ ≤
∑
Aµνρτ
C |µ+ν|+|ρ+τ |
∏
ij
(µij + νij)!
a+ε−1∏
ik
(
µ′ik + ν
′
ik
)
!a+ε−1.
(5.6)
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Apply the combinatorial lemma 7.3 that we will prove later to the two products appearing above,
we have∏
ij
(µij + νij)! ≤ (2n)
|ρ|
ρ!
∑
ij
(µij + νij)
!, ∏
ik
(
µ′ik + ν
′
ik
)
! ≤ (2n)
|τ |
τ !
(∑
ik
(µ′ik + ν
′
ik)
)
!.
Therefore, ∣∣∣∣∣∣
∑
Aµνρτ
∏
ij
D
µij
v D
νij
v ϕi
µij!νij !
∏
ik
D
µ′ik
v D
ν′ik
v ϕi
µ′ik!ν
′
ik!
∣∣∣∣∣∣ ≤
∑
Aµνρτ
C |µ+ν|+|ρ+τ |
(
(µ + ν)!
ρ!τ !
)a+ε−1
≤ C |µ+ν|+|ρ+τ |
(
µ!ν!
ρ!τ !
)a+ε−1
.
The last inequality follows from
#Aµνρτ ≤
(
µ+ |ρ+ τ |1
|ρ+ τ |1
)(
ν + |ρ+ τ |1
|ρ+ τ |1
)
≤ 2|µ+ν|+4n|ρ+τ |.
As z(x, y, θ),∆0(x, y, θ) ∈ Aa,εθ by Lemma 2.13 and Lemma 2.15, after a straightforward calculation,
we have ∣∣∣∣∣∣D
ρ
wDτw
ρ!τ !
 Dδ−αy Dδ−βθ ∆0
(δ − α)!(δ − β)!
∑
Aαβξη
∏
ij
D
αij
y D
βij
θ zi
αij !βij !
∏
ik
D
α′ik
y D
β′ik
θ zi
α′ik!β
′
ik!
∣∣∣∣∣∣
≤ C |ρ+τ |+|δ+ξ+η|+1
(
δ!2ρ!τ !
ξ!η!
)a+ε−1(
α+ |ξ + η|1
|ξ + η|1
)(
β + |ξ + η|1
|ξ + η|1
)
.
(5.7)
Therefore, for any µ, ν ≥ 0, we obtain∣∣∣∣∣∣D
µ
vDνv
µ!ν!
 Dδ−αy Dδ−βθ ∆0
(δ − α)!(δ − β)! (x, x, ψx(x, z))
∑
Aαβξη
∏
ij
D
αij
y D
βij
θ zi
αij !βij !
∏
ik
D
α′ik
y D
β′ik
θ zi
α′ik!β
′
ik!
(x, x, ψx(x, z))
∣∣∣∣∣∣
≤
∑
0≤|ρ+τ |≤|µ+ν|
C |µ+ν|+|δ+ξ+η|+1
(
δ!2µ!ν!
ξ!η!
)a+ε−1(
α+ |ξ + η|1
|ξ + η|1
)(
β + |ξ + η|1
|ξ + η|1
)
≤ C |µ+ν|+|δ+ξ+η|+1
(
δ!2µ!ν!
ξ!η!
)a+ε−1
.
The last inequality follows from the fact that α, β ≤ δ,(
α+ |ξ + η|1
|ξ + η|1
)
,
(
β + |ξ + η|1
|ξ + η|1
)
≤ 2|δ|+|ξ+η|n.
Similarly, for any µ, ν ≥ 0, we also have∣∣∣∣ 1l!DµvDνvµ!ν! ((Dy ·Dθ)l∆0(x, x, ψx(x, z)))
∣∣∣∣ ≤ ∑
|δ|=l
δ!C |µ+ν|+|δ|+1
(
δ!2µ!ν!
)a+ε−1
Then (5.5) implies the following inequality
|DµvDνvbm(x, z)| ≤
m∑
l=1
∑
|δ|=l
δ!2a+2ε−1
∑
α,β≤δ
∑
|ξ+η|≤|α+β|
∑
µ0≤µ
∑
ν0≤ν
∣∣∣Dξ˜+µ0v Dη˜+ν0v bm−l(x, z)∣∣∣
(ξ!η!)a+ε
· C |µ−µ0+ν−ν0|+|δ+ξ+η|
(
µ
µ0
)(
ν
ν0
)
(µ − µ0)!a+ε(ν − ν0)!a+ε.
(5.8)
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Now we will change all the derivatives |DµvDνvbm(x, z)| to the notation bm,µν¯ in the above inequality.
Note that on the right hand side of (5.5), when ν 6= 0, the anti-holomorphic derivative will hit on
either bm−l(x, z) or at least one of the these functions zi(x, y, θ),∆0(x, y, θ) ∈ Aa,εθ and ϕi(x, z) ∈
Aa,εdiag for 1 ≤ i ≤ n. We will consider each case in the following. If the anti-holomorphic derivative
hits on zi(x, y, θ) or ∆0(x, y, θ), since the derivatives are evaluated at (x, x, ψx(x, z)), we will have
the extra factor exp(−b|x− z¯|− 1a−1 ) on the right hand side. If the anti-holomorphic derivative hits
on ϕi(x, z), we also have the extra factor exp(−b|x− z¯|−
1
a−1 ) since ϕi(x, z) ∈ Aa,εdiag. The last case
is that the anti-holomorphic derivative hits on bm−l(x, z), which means |η+ ν0| 6= 0. We again have
the extra factor exp(−b|x− z¯|− 1a−1 ) when we change Dξ+µ0z Dη+ν0z¯ bm−l(x, z) into bm−l,ξ˜+µ0η˜+ν0 . So
no matter in which case, at least one exp(−b|x− z¯|− 1a−1 ) will appear on the right side when ν 6= 0.
And thus the desired result follows. 
Next we use this lemma to prove Theorem 1.5.
5.1. Proof of Theorem 1.5. For convenience, we define
(5.9) am,µν¯ =
bm,µν¯
(2m+ 1)!a+εµ!a+εν!a+ε
.
Then by Lemma 5.1
am,µν¯
≤
m∑
l=1
∑
|δ|=l
∑
α,β≤δ
∑
|ξ+η|≤|α+β|
∑
µ0≤µ
∑
ν0≤ν
a
m−l,ξ˜+µ0η˜+ν0(2m+1
2l
)a+ε (ξ˜ + µ0ξ˜
)a+ε(
η˜ + ν0
η˜
)a+ε
C |µ−µ0+ν−ν0+|δ+ξ+η|,
(5.10)
where ξ, η ∈ (Z≥0)n and ξ˜ = (0, · · · 0, ξ), η˜ = (0, · · · , 0, η) ∈ (Z≥0)2n. Since b0(x, z) = 1, we have
(5.11) a0,µν¯ =
{
1 µ = ν = (0, 0, · · · , 0),
0 otherwise.
We will argue by induction on m to prove that for any integer m ≥ 0 and multi-index µ, ν ≥ 0,
(5.12) am,µν¯ ≤
(
2m+ |µ+ ν|
|µ+ ν|
)a+ε
Am(2C)|µ+ν|,
where C is the same constant which appears on the right hand side of (5.10) and A is a bigger
constant to be selected later. Without losing of generality, we assume C ≥ 1. Obviously (5.11)
implies that (5.12) holds for m = 0 and any µ, ν ≥ 0. Assume that (5.12) holds up to m − 1 and
we proceed to m. By (5.10), we have
am,µν¯ ≤
m∑
l=1
∑
|δ|=l
∑
α,β≤δ
∑
|ξ+η|≤|α+β|
∑
µ0≤µ
∑
ν0≤ν
Am−l(2m+1
2l
)a+ε(ξ˜ + µ0ξ˜
)a+ε(
η˜ + ν0
η˜
)a+ε
· 2|ξ+η|+|µ0+ν0|C |µ+ν|+|δ+2ξ+2η|
(
2(m− l) + |ξ˜ + µ0 + η˜ + ν0|
|ξ˜ + µ0 + η˜ + ν0|
)a+ε
≤
m∑
l=1
∑
|δ|=l
∑
|ξ+η|≤2l
∑
µ0≤µ
∑
ν0≤ν
Am−l(2m+1
2l
)a+ε(ξ˜ + µ0ξ˜
)a+ε(
η˜ + ν0
η˜
)a+ε
· 2|ξ+η|+|µ0+ν0|C |µ+ν|+|δ+2ξ+2η|
(
2(m− l) + |ξ˜ + µ0 + η˜ + ν0|
|ξ˜ + µ0 + η˜ + ν0|
)a+ε
·#{α ≤ δ} ·#{β ≤ δ}.
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Due to the fact
#{α ≤ δ} = #{β ≤ δ} ≤ 2|δ|,
it follows that
am,µν¯ ≤
m∑
l=1
∑
|δ|=l
∑
|ξ+η|≤2l
∑
µ0≤µ
∑
ν0≤ν
Am−l(2m+1
2l
)a+ε(ξ˜ + µ0ξ˜
)a+ε(
η˜ + ν0
η˜
)a+ε
· 2|ξ+η|+|µ0+ν0|+2|δ|C |µ+ν|+|δ+2ξ+2η|
(
2(m− l) + |ξ˜ + µ0 + η˜ + ν0|
|ξ˜ + µ0 + η˜ + ν0|
)a+ε
≤ Am(2C)|µ+ν|
m∑
l=1
∑
|δ|=l
∑
|ξ+η|≤2l
∑
µ0≤µ
∑
ν0≤ν
1(
2m+1
2l
)a+ε(ξ˜ + µ0ξ˜
)a+ε(
η˜ + ν0
η˜
)a+ε
A−l
· 24l+|µ0+ν0|−|µ+ν|C5l
(
2(m− l) + |ξ˜ + µ0 + η˜ + ν0|
|ξ˜ + µ0 + η˜ + ν0|
)a+ε
Moreover, since
#{|δ| = l} =
(
l + n− 1
n− 1
)
≤ 2l+n−1 ≤ 2nl,
we have
am,µν¯ ≤ Am(2C)|µ+ν|
m∑
l=1
∑
|ξ+η|≤2l
∑
µ0≤µ
∑
ν0≤ν
1(2m+1
2l
)a+ε(ξ˜ + µ0ξ˜
)a+ε(
η˜ + ν0
η˜
)a+ε
·
(
2(m− l) + |ξ˜ + µ0 + η˜ + ν0|
|ξ˜ + µ0 + η˜ + ν0|
)a+ε
2|µ0+ν0|−|µ+ν|
(
2n+4C5
A
)l(5.13)
In the next step we apply the combinatorial inequality(
ξ˜ + µ0
µ0
)(
η˜ + ν0
ν0
)
≤
(
ξ˜ + η˜ + µ0 + ν0
µ0 + ν0
)
≤
(|ξ + η|+ |µ0 + ν0|
|µ0 + ν0|
)
and(
2(m− l) + |ξ + η|+ |µ0 + ν0|
|ξ + η|+ |µ0 + ν0|
)(|ξ + η|+ |µ0 + ν0|
|µ0 + ν0|
)
=
(
2(m− l) + |ξ + η|+ |µ0 + ν0|
|µ0 + ν0|
)(
2m− 2l + |ξ + η|
2m− 2l
)
.
Observe that, since |ξ + η| ≤ 2l, µ0 ≤ µ, ν0 ≤ ν, we have(
2(m− l) + |ξ + η|+ |µ0 + ν0|
|µ0 + ν0|
)
≤
(
2m+ |µ+ ν|
|µ+ ν|
)
.
Plugging these into (5.13), we obtain
am,µν¯ ≤ Am(2C)|µ+ν|
m∑
l=1
1(2m+1
2l
)a+ε(2m+ |µ+ ν||µ+ ν|
)a+ε ∑
|ξ+η|≤2l
(
2m− 2l + |ξ + η|
2m− 2l
)a+ε
·
∑
µ0≤µ
∑
ν0≤ν
2|µ0+ν0|−|µ+ν|
(
2n+4C5
A
)l
Again since
(5.14) #{|ξ + η| = k} =
(
k + 2n− 1
2n − 1
)
≤ 2k+2n−1,
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the sum over index ξ, η on the right hand side can be estimated as∑
|ξ+η|≤2l
(
2m− 2l + |ξ + η|
2m− 2l
)a+ε
=
2l∑
k=0
∑
|ξ+η|=k
(
2m− 2l + k
2m− 2l
)a+ε
≤ 22l+2n−1
(
2m+ 1
2m− 2l + 1
)a+ε
.
Therefore,
am,µν¯ ≤Am(2C)|µ+ν|
(
2m+ |µ+ ν|
|µ+ ν|
)a+ε m∑
l=1
(
23n+6C5
A
)l ∑
µ0≤µ
2|µ0|−|µ|
∑
ν0≤ν
2|ν0|−|ν|
≤Am(2C)|µ+ν|
(
2m+ |µ+ ν|
|µ+ ν|
)a+ε m∑
l=1
(
23n+6C5
A
)l
24n
By taking A = 27n+7C5, we surely have
∑m
l=1
(
23n+6C5
A
)l
24n < 1, which implies that
am,µν¯ ≤ Am(2C)|µ+ν|
(
2m+ |µ+ ν|
|µ+ ν|
)a+ε
.
So if we write am,µν¯ in terms of D
µ
vDνvbm(x, z), then by the continuity of each D
µ
vDνvbm(x, z) for all
x, z ∈ U , we have
|DµvDνvbm(x, z)| ≤ (2m+ 1)!a+εµ!a+εν!a+εam,µν¯λb,|ν|(x, x, z)
≤ (64a+εA)m+|µ+ν|m!2a+2εµ!a+εν!a+ελb,|ν|(x, x, z).
Thus (1.9) follows by renaming 64a+εA to C.
In particular, when we are restricted to diagonal z = x¯,
DµvD
ν
vbm(x, x¯) = 0, for any multi-indices µ ≥ 0 and |ν| 6= 0.
And thus when z = x¯, the recursive inequality (5.8) reduces to
|Dµv bm(x, x¯)| ≤
m∑
l=1
∑
|δ|=l
δ!2a+2ε−1
∑
α,β≤δ
∑
|ξ|≤|α+β|
∣∣∣Dξ˜+µ0v bm−l(x, x¯)∣∣∣
(ξ!η!)a+ε
C |µ−µ0|+|δ+ξ|
(
µ
µ0
)
(µ− µ0)!a+ε.
Note that the constant ε only comes from (5.6) and (5.7) because of the derivatives of ϕi(x, z) ∈ Aa,εdiag
for 1 ≤ i ≤ n and z(x, y, θ),∆0(x, y, θ) ∈ Aa,εθ . By the definitions ofAa,εdiag and Aa,εθ , ε can be replaced
by 0 when we are restricted to x = y = z¯. Therefore, (5.8) further reduces to
|Dµv bm(x, x¯)| ≤
m∑
l=1
∑
|δ|=l
δ!2a−1
∑
α,β≤δ
∑
|ξ|≤|α+β|
∣∣∣Dξ˜+µ0v bm−l(x, x¯)∣∣∣
(ξ!η!)a+ε
C |µ−µ0|+|δ+ξ|
(
µ
µ0
)
(µ − µ0)!a+ε.
By using a similar inductive argument as that of estimating |DµvDνvbm(x, z)|, we obtain for any
x ∈ U ,
|Dµv bm(x, x¯)| ≤ Cm+|µ|m!2aµ!a.
6. Optimality of the upper bounds on Bergman coefficients bm
In this section, we will show that although it would be desirable to improve the estimate (1.9) to
(6.1)∣∣∣DαvDβv bm(x, z)∣∣∣ ≤ Cm+|α|+|β|m!2a+2ε−1α!a+εβ!a+ε exp(−b(1− δ0(|β|))|x − z¯|− 1a−1)λb,|η|(x, x, z),
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it is not possible to prove it by the recursive inequality (5.2). Here we provide an example which
satisfies (5.2) while fails (6.1). For simplicity, we assume C = 1 in (5.2). Let’s consider the worse
case when the equality holds, i.e.
bm,µν¯
=
m∑
l=1
∑
|δ|=l
δ!2a+2ε−1
∑
α,β≤δ
∑
|ξ+η|≤|α+β|
∑
µ0≤µ
∑
ν0≤ν
b
m−l,ξ˜+µ0η˜+ν0
(ξ!η!)a+ε
(
µ
µ0
)(
ν
ν0
)
(µ− µ0)!a+ε(ν − ν0)!a+ε,
(6.2)
One can easily check that this recursive equation uniquely defines {bm,µν¯} given an initial data
{b0,µν¯}. We shall only focus on the terms bm,ke˜1 where e1 = (1, 0, · · · , 0) ∈ Rn, e˜1 = (0, · · · , 0, e1) ∈
R
2n and show by induction that
(6.3) bm,ke˜1 ≥ 2−(a+ε)m(2m− 2 + k)!a+ε for any m ≥ 1, k ≥ 0.
First let’s check b1,ke˜1 . Since we know
b0,µν¯ =
{
1 µ = ν = (0, 0, · · · , 0),
0 otherwise,
by (6.2) we have
b1,µν¯ =
∑
|δ|=1
∑
α,β≤δ
µ!a+εν!a+ε ≥ µ!a+εν!a+ε.(6.4)
Therefore (6.3) holds for b1,ke˜1 . Assume that (6.3) holds for b1,ke˜1 , b2,ke˜1 , · · · bm−1,ke˜1 . Then by only
considering the terms with index l = |α| = |β| = 1, µ0 = µ and ξ = 2e1, η = 0 in (6.4), we obtain
for m ≥ 2
bm,ke˜1 ≥
∑
|δ|=1
∑
|α|=|β|=1
bm−1,(k+2)e˜1
2a+ε
≥ bm−1,(k+2)e˜1
2a+ε
≥ 2−(a+ε)m(2m− 2 + k)!a+ε.
Note that if in particular we put k = 0 into (6.3), then we get
bm,0 ≥
(
1
8
)(a+ε)m
m!2a+2ε,
which show that up to an exponential factor Cm, m!2a+2ε is the best upper bound one can hope
from the recursive inequality (5.2).
7. Proofs of main lemmas on almost holomorphic extensions of Gevrey functions
In this section, we will complete all the proofs skipped in Section 2.2.
Proof of Lemma 2.5. We will prove the estimate on Dz¯F (f). The other one follows in the same
way. For simplicity, we denote
χ˜(|α+ β|) = χ(|α+ β|2(a−1)4a−1C21 |y − z¯|2 ).
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For any 1 ≤ i ≤ n, we have
Dz¯iF (f)
=
1
2
∑
α,β≥0
Dα+eix D
β
x¯f
α!β!
(
y − z¯
2
)α(z − y¯
2
)β (
χ˜(|α + β|)− χ˜ (|α+ β + ei|)
)
+ 2
∑
α,β≥0
DαxD
β
x¯f
α!β!
(
y − z¯
2
)α(z − y¯
2
)β+ei
|α+ β|2(a−1)4a−1C21χ′
(
|α+ β|2(a−1)4a−1C21 |y − z¯|2
)
.
:= I + II.
We will use C to denote a constant depend on a, ε, C1(f) and the cut-off function χ, which may
change from line to line. Since f ∈ Ga(U) and by Stirling’s formula, each term in I is bounded by
C0C
|α+β|+1
1 (αi + 1)
a(α!β!)a−1
∣∣∣∣y − z¯2
∣∣∣∣|α+β|
≤ CC0C |α+β|1 (|α+ β|+ 1)a+
a−1
2
( |α+ β|
e
)(a−1)|α+β| ∣∣∣∣y − z¯2
∣∣∣∣|α+β| .
Note that the difference of cut-off functions in I is zero unless
(7.1) |α+ β| ∈
[
1
2
(√
2C1|y − z¯|
)− 1
a−1 − 1, 1
2
(C1|y − z¯|)−
1
a−1
]
.
It implies that each term in I is bounded by
CC0(|α+ β|+ 1)a+
a−1
2 2−|α+β|e−(a−1)|α+β| ≤ CC0e−
a−1
2
(
√
2C1|y−z¯|)−
1
a−1
.
Since there are less than
(
1
2(C1|y − z¯|)−
1
a−1 + 1
)2n
many terms in I, we have
(7.2) |I| ≤ CC0e−b|y−z¯|
− 1a−1
,
where b is a positive constant depending on a,C1 = C1(f).
For the second term II, similarly we have (7.1) or χ′ vanishes otherwise. And thus each term is
bounded by
CC0C1
|α+β|+2
( |α+ β|
e
)(a−1)|α+β| ∣∣∣∣y − z¯2
∣∣∣∣|α+β|+1 |α+ β| 52 (a−1)
≤CC0e−(a−1)|α+β||α+ β|
3
2
(a−1)
≤CC0e−
a−1
4
(
√
2C1|y−z¯|)−
1
a−1
≤CC0e−b|y−z¯|
− 1a−1
.
So we have
|Dz¯iF (f)(y, z)| ≤ CC0 exp
(
−b|y − z¯|− 1a−1
)
for 1 ≤ i ≤ n.
Thus the result follows. 
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Proof of Lemma 2.6. Since F is an almost holomorphic extension of f , by taking the Taylor expan-
sion, for any N ∈ N we have
F (x+ y, x¯+ z) =
∑
|α+β|≤N−1
DαyD
β
zF
α!β!
(x, x¯) yαzβ +O
(|(y, z)|N )
=
∑
|α+β|≤N−1
DαxD
β
x¯f
α!β!
(x) yαzβ +O
(|(y, z)|N ) .
If we take x = y+z¯2 and replace (y, z) by (
y−z¯
2 ,
z−y¯
2 ), then
F (y, z) =
∑
|α+β|≤N−1
DαxD
β
x¯f
α!β!
(
y + z¯
2
)(
y − z¯
2
)α(z − y¯
2
)β
+O
(
|y − z¯|N
)
.
Similarly, the same identity holds for F˜ (y, z). Therefore, for any N ∈ N, we have
F (y, z)− F˜ (y, z) = O (|y − z¯|N) .

Proof of Lemma 2.7. To prove this lemma we first need to obtain some estimates on the derivatives
of our cut-off function χ.
Lemma 7.1. Let ε > 0 be a constant and χ ∈ G1+ε(R) be the cut-off function constructed in (2.16).
Then there exists some positive constant C = C(χ) such that for any multi-indices γ, δ, ξ, η ≥ 0, we
have
‖DγyDδzDξy¯Dηz¯
(
χ
(
|α+ β|2(a−1)4a−1C21 |y − z¯|2
))
‖L∞(C2n)
≤ (2a−1CC1|α+ β|a−1)|γ+η+ξ+δ| (γ + η + ξ + δ)!1+ε.
Proof. By a straightforward calculation, we have
Dγy
(
χ
(
|α+ β|2(a−1)4a−1C21 |y − z¯|2
))
=
(
|α+ β|2(a−1)4a−1C21(y¯ − z)
)γ
χ(|γ|),
DγyD
η
z¯
(
χ
(
|α+ β|2(a−1)4a−1C21 |y − z¯|2
))
= (−1)|η|
(
|α+ β|2(a−1)4a−1C21 (y¯ − z)
)γ+η
χ(|γ+η|).
Therefore,
DγyD
δ
zD
ξ
y¯D
η
z¯
(
χ((α+ β)2(a−1)4a−1C21 |y − z¯|2)
)
=
∑
ξ0≤ξ,δ0≤δ
(
ξ
ξ0
)(
δ
δ0
)
(−1)|η+ξ0+δ−δ0|
(
|α+ β|2(a−1)4a−1C21
)|γ+η+ξ0+δ0|
(γ + η)!
(γ + η + ξ0 + δ0 − ξ − δ)! (y¯ − z)
γ+η−(ξ−ξ0)−(δ−δ0)(z¯ − y)ξ0+δ0χ(|γ+η+ξ0+δ0|).
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Since the cut-off function χ is in G1+ε(R), there exists a positive constant C = C(χ), which may
vary from line to line, such that∣∣∣DγyDδzDξy¯Dηz¯ (χ(|α+ β|2(a−1)4a−1C21 |y − z¯|2))∣∣∣
≤
∑
ξ0≤ξ,δ0≤δ
(
ξ
ξ0
)(
δ
δ0
)(
|α+ β|2(a−1)4a−1C21
)|γ+η+ξ0+δ0|
C |γ+η+ξ0+δ0|
(γ + η)!
(γ + η + ξ0 + δ0 − ξ − δ)! |y¯ − z|
|γ+η−ξ+2ξ0−δ+2δ0| |γ + η + ξ0 + δ0|!1+ε
≤C |γ+δ+ξ+η|(γ + η + ξ + δ)!1+ε∑
ξ0≤ξ,δ0≤δ
(
ξ
ξ0
)(
δ
δ0
)(
|α+ β|2(a−1)4a−1C21
)|γ+η+ξ0+δ0| |y¯ − z||γ+η−ξ+2ξ0−δ+2δ0| .
Our result follows by using that for any y, z ∈ Cn,
|α+ β|2(a−1)4a−1C21 |y − z¯|2 ≤ 1.

We now estimate the derivatives on F (f). By a straightforward calculation, we have
DγyD
δ
zD
ξ
y¯D
η
z¯F (f)(y, z)
=
∑
γ0+γ1+γ2=γ
δ0+δ1+δ2=δ
∑
ξ0+ξ1+ξ2=ξ
η0+η1+η2=η
∑
α≥γ1+η1,
β≥ξ1+δ1
(
γ
γ0, γ1, γ2
)(
δ
δ0, δ1, δ2
)(
ξ
ξ0, ξ1, ξ2
)(
η
η0, η1, η2
)
·
(
1
2
)|γ0+γ1+δ0+δ1+ξ0+ξ1+η0+η1|
(−1)|ξ1+η1| D
α+γ0+η0
x D
β+δ0+ξ0
x¯ f
(α− γ1 − η1)!(β − δ1 − ξ1)!
·
(
y − z¯
2
)α−γ1−η1 (z − y¯
2
)β−δ1−ξ1
Dγ2y D
δ2
z D
ξ2
y¯ D
η2
z¯
(
χ
(
|α+ β|2(a−1)4a−1C21 |y − z¯|2
))
.
Let C0 = C0(f) introduced in Definition 2.3. We use C to denote a constant which depends on a,
C1(f) introduced in Definition 2.3 and the cut-off function χ, which may vary from line to line. By
the fact that f ∈ Ga(U) and the previous lemma, it follows that
∣∣∣DγyDδzDξy¯Dηz¯F (f)(y, z)∣∣∣
≤ C0C |γ+δ+ξ+η|
∑
γ0+γ1+γ2=γ
δ0+δ1+δ2=δ
∑
ξ0+ξ1+ξ2=ξ
η0+η1+η2=η
∑
α≥γ1+η1
β≥ξ1+δ1
(
γ
γ0, γ1, γ2
)(
δ
δ0, δ1, δ2
)(
ξ
ξ0, ξ1, ξ2
)(
η
η0, η1, η2
)
· C |α+β|1
(α+ γ0 + η0)!
a(β + δ0 + ξ0)!
a
(α− γ1 − η1)!(β − δ1 − ξ1)!
∣∣∣∣y − z¯2
∣∣∣∣|α−γ1−η1+β−δ1−ξ1|
· (γ2 + η2 + ξ2 + δ2)!1+ε
(
2a−1|α+ β|a−1C1
)|γ2+η2+ξ2+δ2| .
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Using the fact |α+ β|2(a−1)4a−1C21 |y − z¯|2 ≤ 1 and Stirling’s formula, it is bounded by
C0C
|γ+δ+ξ+η| ∑
γ0+γ1+γ2=γ
δ0+δ1+δ2=δ
∑
ξ0+ξ1+ξ2=ξ
η0+η1+η2=η
∑
α≥γ1+η1
β≥ξ1+δ1
(
γ
γ0, γ1, γ2
)(
δ
δ0, δ1, δ2
)(
ξ
ξ0, ξ1, ξ2
)(
η
η0, η1, η2
)
· (α+ γ0 + η0)!
a(β + δ0 + ξ0)!
a
(α− γ1 − η1)!(β − δ1 − ξ1)!
(
C1
2
)|α+β|
(γ2 + η2 + ξ2 + δ2)!
1+ε
· (2a−1|α+ β|a−1C1)|γ2+η2+ξ2+δ2+γ1+δ1+ξ1+η1|−|α+β|
≤C0C |γ+δ+ξ+η|
∑
γ0+γ1+γ2=γ
δ0+δ1+δ2=δ
∑
ξ0+ξ1+ξ2=ξ
η0+η1+η2=η
∑
α≥γ1+η1
β≥ξ1+δ1
(
γ
γ0, γ1, γ2
)(
δ
δ0, δ1, δ2
)(
ξ
ξ0, ξ1, ξ2
)(
η
η0, η1, η2
)
· (α+ γ0 + η0)!
a(β + δ0 + ξ0)!
a
(α− γ1 − η1)!(β − δ1 − ξ1)! 2
−a(|α+β|)(γ2 + η2 + ξ2 + δ2)!1+ε
· |α+ β|(a−1)|γ2+η2+ξ2+δ2+γ1+δ1+ξ1+η1|−(a−1)|α+β|
≤C0C |γ+δ+ξ+η|
∑
α,β≥0
∑
γ0+γ1+γ2=γ
δ0+δ1+δ2=δ
∑
ξ0+ξ1+ξ2=ξ
η0+η1+η2=η
(
γ
γ0, γ1, γ2
)(
δ
δ0, δ1, δ2
)(
ξ
ξ0, ξ1, ξ2
)(
η
η0, η1, η2
)
· (γ0 + η0)!a(δ0 + ξ0)!a(γ1 + η1)!(δ1 + ξ1)!(γ2 + η2 + ξ2 + δ2)!1+ε
· e−(a−1)|α+β||α+ β|(a−1)(|γ2+η2+ξ2+δ2+γ1+δ1+ξ1+η1|+1)
For any α, β ≥ 0, we have
|α+ β|(a−1)(|γ1+δ1+ξ1+η1+γ2+δ2+ξ2+η2|+1)e− 12 (a−1)|α+β|
≤ 2(a−1)(|γ1+δ1+ξ1+η1+γ2+δ2+ξ2+η2|+1)(|γ1 + δ1 + ξ1 + η1 + γ2 + δ2 + ξ2 + η2|+ 1)!a−1.
Therefore,
|DγyDδzDξy¯Dηz¯F (f)(y, z)| ≤ 2a−1C0C |γ+δ+ξ+η|(γ!δ!ξ!η!)a+ε
∑
α,β≥0
e−
1
2
(a−1)|α+β|.
Note that when ξ + η > 0, we have (7.1). So
|DγyDδzDξy¯Dηz¯F (f)(y, z)| ≤ 2a−1C0C |γ+δ+ξ+η|(γ!δ!ξ!η!)a+εe−
a−1
8
(
√
2C1|y−z¯|)−
1
a−1 ∑
α,β≥0
e−
1
4
(a−1)|α+β|.
The result follows as
∑
α,β≥0 e
− 1
4
(a−1)|α+β| ≤
(
4
a−1
)2n
e
(a−1)n
2 .
In addition, when z = y¯, note all the derivatives of χ vanish and |χ| ≤ 1, whence we can replace ε
by zero. 
Proof of Lemma 2.11. It is easy to see that Aa,εθ is closed under summation, subtraction and dif-
ferentiation. Now we consider multiplication. Take f, g ∈ Aa,εθ . We will use C0(f), C1(f), b(f)
and C0(g), C1(g), b(g) to denote the constants in (2.22) corresponding to f, g respectively. Take
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C1 = max{C1(f), C1(g)} and b = min{b(f), b(g)}. Let v′ = (x, y, θ). Then∣∣∣Dαv′Dβv¯′(fg)(x, y, θ(x, y, z))∣∣∣
≤
∑
α0≤α,β0≤β
(
α
α0
)(
β
β0
) ∣∣∣Dα0v′ Dβ0v¯′ f(x, y, θ(x, y, z))∣∣∣ ∣∣∣Dα−α0v Dβ−β0v¯′ g(x, y, θ(x, y, z))∣∣∣
≤
∑
α0≤α,β0≤β
C0(f)C0(g)
(
α
α0
)(
β
β0
)
C
|α+β|
1 (α!β!)
a+ελb,|β|(x, y, z)
=C0(f)C0(g)(2C1)
|α+β|(α!β!)a+ελb,|β|(x, y, z).
In addition, when we are restricted to x = y = z¯, it is easy to see that we can replace ε by 0.
Therefore, fg ∈ Aa,εθ . And we can choose C0(fg) = C0(f)C0(g), C1(fg) = 2max{C1(f), C1(g)}
and b(fg) = min{b(f), b(g)}.
To prove Aa,εθ is closed under division, we will verify that if f ∈ Aa,εθ (U ′) and infU ′ |f | ≥ C2 > 0,
then the reciprocal 1f ∈ Aa,εθ (U ′). Define h(w) = 1w for w ∈ C \ {0}. Then for any v0 ∈ U ′, we have
Dαv′D
β
v¯′(h ◦ f)(v0) = α!β!
|α+β|∑
k=0
(−1)k
f(v0)k+1
∑
α1+α2+···+αk=α
β1+β2+···+βk=β
α1+β1>0,··· ,αk+βk>0
Dα1v′ D
β1
v¯′ f(v0)
α1!β1!
· · · D
αk
v′ D
βk
v¯′ f(v0)
αk!βk!
.
We use C0 = C0(f), C1 = C1(f) and b = b(f) to denote the constants in (2.22) for f . Without
losing of generality, we can assume C0 > 1 and C2 < 1. Then∣∣∣Dαv′Dβv¯′(h ◦ f)(x, y,θ(x, y, z))∣∣∣
≤
|α+β|∑
k=0
1
Ck+12
∑
α1+α2+···+αk=α
β1+β2+···+βk=β
α1+β1>0,··· ,αk+βk>0
(α!β!)a+εCk0C
|α+β|
1 λb,|β|(x, y, z)
≤
|α+β|∑
k=0
(
α+ k1
k1
)(
β + k1
k1
)
1
C2
(
C0C1
C2
)|α+β|
(α!β!)a+ελb,|β|(x, y, z)
≤ 1
C2
(
26n+2C0C1
C2
)|α+β|
(α!β!)a+ελb,|β|(x, y, z).
In addition, when we are restricted to x = y = z¯, it is easy to see that we can replace ε by 0.
Therefore, 1f = h ◦ f ∈ Aa,εθ (U ′). 
Proof of Lemma 2.12. Denote v = (x, y, z) and C0 = C0(f), C1 = C1(f), b = b(f). As t ∈ [0, 1], we
have ∣∣∣DαvDβv¯ g(x, y, z)∣∣∣ ≤ max
t∈[0,1]
∣∣∣DαvDβv¯ (f(x, tx+ (1− t)y, z))∣∣∣
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We write Dαv = D
α1
x D
α2
y D
α3
z and D
β
v¯ = D
β1
x¯ D
β2
y¯ D
β3
z¯ . Then∣∣∣DαvDβv¯ g(x, y, z)∣∣∣
≤ max
t∈[0,1]
∣∣∣∣∣∣
∑
α′1≤α1
∑
α′1≤α1
(
α1
α′1
)(
β1
β′1
)
D
α′1
x D
α2+α1−α′1
y D
α3
z D
β′1
x¯ D
β2+β1−β′1
y¯ D
β3
z¯ f(x, tx+ (1− t)y, z)
∣∣∣∣∣∣
≤
∑
α′1≤α1
∑
α′1≤α1
(
α1
α′1
)(
β1
β′1
)
C0
(
2a+εC1
)|α+β|
α!a+εβ!a+ε max
t∈[0,1]
λb,|β|(x, tx+ (1− t)y, z)
≤C0
(
2a+ε+1C1
)|α+β|
α!a+εβ!a+ελb,|β|(x, y, z).
The last inequality follows from |tx + (1 − t)y − z¯| ≤ max{|x − z¯|, |y − z¯|} for any t ∈ [0, 1]. In
addition, as f ∈ Aa,εθ , when restricted to x = y = z¯, we can replace ε by 0. So we get the first part
of the lemma. The second part follows by the same argument. 
Proof of Lemma 2.13. Let m = 3n. We denote v = (x, y, z), v′ = (x, y, θ). By a straightforward
calculation, we have
Dαv′D
β
v¯′
α!β!
f˜
=
∑
0≤|ξ+η|≤|α+β|
DξvD
η
v¯f
ξ!η!
∑
Aαβξη
Dα11v′ D
β11
v¯′ v1
α11!β11!
D
α′11
v′ D
β′11
v¯′ v1
α′11!β
′
11!
· · · D
αmξm
v′ D
βmξm
v¯′ vm
αmξm !βmξm !
D
α′mηm
v′ D
β′mηm
v¯′ vm
α′mηm !β
′
mηm !
,
where Aαβξη is defined in (5.4). Then since f ∈ Aa,εz and v = (x, y, z(x, y, θ)) ∈ Aa,εθ , by taking
b = min{b(f), b(v)}, C0(v) = maxi C0(vi) and C1(v) = maxiC1(vi), we have∣∣∣∣∣Dαv′Dβv¯′α!β! f˜(x, y, θ(x, y, z))
∣∣∣∣∣
≤
∑
0≤|ξ+η|≤|α+β|
C0(f)C1(f)
|ξ+η| ∑
Aαβξη
C0(v)
|ξ+η|C1(v)|α+β|
ξ!η!∏
i,j
αij !βij !
∏
ik
α′ik!β
′
ik!
a−1+ε λb,|β|(x, y, z).
Now we prove two combinatorial lemmas to estimate of ξ!η!
∏
i,j αij !βij !
∏
i,k α
′
ik!β
′
ik! appearing in
the above inequality.
Lemma 7.2. For any integers k, i1, i2 · · · ik ∈ Z+, we have
(7.3) k!i1!i2! · · · ik! ≤ (i1 + i2 + · · ·+ ik)!.
Proof. We will do induction on k. When k = 1, the result follows trivially. Assume it is true for
k − 1 and we proceed to the case k. For simplicity, we denote i = i1 + i2 + · · ·+ ik. Then by using
the result by induction, we have
(7.4) k!i1!i2! · · · ik! ≤ k(i1 + i2 + · · ·+ ik−1)!ik! = k( i
ik
) i!.
Note that
(
i
ik
) ≥ i ≥ k and thus the result follows. 
Lemma 7.3. For any multi-indices, α1, α2, · · · , αk ∈ (Z≥0)n, if |αi| > 0 for each 1 ≤ i ≤ k, then
we have
(7.5) α1!α2! · · ·αk! ≤ (α1 + α2 + · · ·+ αk)!
k!
nk.
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Proof. We denote αi = (αi1, αi2, · · · , αin) and define lj = #{1 ≤ i ≤ k, αij 6= 0} for 1 ≤ j ≤ n.
Then by applying Lemma 7.2 to the j-th component of each αi for 1 ≤ i ≤ k, we have
α1j !α2j ! · · ·αkj! ≤
(α1j + α2j + · · ·+ αkj)!
lj !
.
Therefore,
α1!α2! · · ·αk! ≤ (α1 + α2 + · · ·+ αk)!
l1!l2! · · · ln! .(7.6)
Since |αi| 6= 0 for each i, we have l := l1 + l2 + · · · ln ≥ k. Then we can find nonnegative integers
k1, k2, · · · , kn such that k1 + k2 + · · ·+ kn = k and kj ≤ lj for 1 ≤ j ≤ n. Therefore
(7.7) l1!l2! · · · ln! ≥ k1!k2! · · · kn! = k!( k
k1,k2,··· ,kn
) ≥ k!
nk
.
Plug this back into (7.6), we have the result. 
By using Lemma 7.3, we have the upper bound for the factorials on the right hand side as
ξ!η!
∏
i,j
αij!βij !
∏
ik
α′ik!β
′
ik! ≤ m|ξ+η|
∑
ij
αij + βij
!(∑
ik
α′ik + β
′
ik
)
! ≤ m|ξ+η|(α+ β)!.
Therefore,∣∣∣∣∣Dαv′Dβv¯′α!β! f˜(x, y, θ(x, y, z))
∣∣∣∣∣
≤
∑
0≤|ξ+η|≤|α+β|
C0(f)C1(f)
|ξ+η| ∑
Aαβξη
C0(v)
|ξ+η|C1(v)|α+β|
(
m|ξ+η|(α+ β)!
)a−1+ε
λb,|β|(x, y, z)
≤
∑
0≤|ξ+η|≤|α+β|
C0(f)
(
ma−1+εC1(f)C0(v)C1(v)
)|α+β|
(α+ β)!a−1+ελb,|β|(x, y, z) ·#Aαβξη.
Note the cardinality of Aαβξη has the following upper bounded
#Aαβξη ≤
(
α+ (|ξ + η|)1
|ξ + η|1
)(
β + (|ξ + η|)1
|ξ + η|1
)
.
So we get∣∣∣∣∣Dαv′Dβv¯′α!β! f˜(x, y, θ(x, y, z))
∣∣∣∣∣
≤
∑
0≤|ξ+η|≤|α+β|
C0(f)
(
2a+ε+2mma−1+εC1(f)C0(v)C1(v)
)|α+β|
(α!β!)a−1+ελb,|β|(x, y, z)
≤ C0(f)
(
2a+3m+εma−1+εC1(f)C0(v)C1(v)
)|α+β|
(α!β!)a−1+ελb,|β|(x, y, z).
And if we keep track of the constant ε, it is easy to see that ε comes from derivatives of since f and
v = (x, y, z(x, y, θ)). Since f ∈ Aa,εz and v = (x, y, z(x, y, θ)) ∈ Aa,εθ , we can replace ε by 0 when re-
stricted to x = y = z¯. Therefore, we can take C0(f˜) = C0(f), C1(f˜) = 2
a+3m+εma−1+εC0(v)C1(f)C1(v).

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Proof of Lemma 2.15. We are going to prove the following more general lemma. Note that we
can assume ψ(y, z) = yz + O(|(y, z)|4) by using the Bochner coordinates at 0. Then the Lemma
2.15 follows directly by taking F (x, y, z, θ) =
∫ 1
0 (Dyψ)(tx + (1 − t)y, z)dt − θ and θ(x, y, z) =∫ 1
0 (Dyψ)(tx+ (1− t)y, z)dt.
Lemma 7.4. Consider smooth maps θ(x, y, z) = (θ1(x, y, z), θ2(x, y, z), · · · , θn(x, y, z)) and F (x, y, z, θ) =
(F1(x, y, z, θ), F2(x, y, z, θ), · · · , Fn(x, y, z, θ)) satisfying the system of equations F (x, y, z, θ(x, y, z)) =
0. Assume that for any x, y, z ∈ U = Bn(0, 1) and multi-indices α, β ≥ 0, we have∣∣∣(Dα(x,y,z,θ)Dβ(x¯,y¯,z¯,θ¯)F) (x, y, z, θ(x, y, z))∣∣∣ ≤ C0C |α+β|1 α!a+εβ!a+ελb,|β|(x, y, z),(7.8)
where C0 = C0(F ), C1 = C1(F ) and b = b(F ) are some positive constants. And ε can be replaced
by 0, when we are restricted to x = y = z¯.
If the 2n×2n matrix
(
∂F
∂z
∂F
∂z
∂F
∂z
∂F
∂z
)
is the identity matrix at (x0, y0, z0, θ0), then the implicit functions
z = z(x, y, θ) near (x0, y0, θ0) determined by the equation F (x, y, z, θ) = 0 belong to Aa,εθ .
We first consider a special case when F is a function in the following lemma.
Lemma 7.5. Consider smooth maps θ(x, y, z) = (θ1(x, y, z), θ2(x, y, z), · · · , θn(x, y, z)) and function
f(x, y, z, θ) such that f(x, y, z, θ(x, y, z)) = 0. And for any x, y, z ∈ U and multi-indices α, β ≥ 0,
we have ∣∣∣(Dα(x,y,z,θ)Dβ(x¯,y¯,z¯,θ¯)f) (x, y, z, θ(x, y, z))∣∣∣ ≤ C0C |α+β|1 α!a+εβ!a+ελb,|β|(x, y, z),(7.9)
where C0, C1 and b are some positive constants. And ε can be replace by 0, when we are restricted
to x = y = z¯.
Assume at (x0, y0, z0, θ0 = θ(x0, y0, z0)), the matrix
(
∂f
∂zn
∂f
∂zn
∂f
∂zn
∂f
∂zn
)
is non-singular. Then the implicit
function zn = zn(x, y, z1, z2 · · · , zn−1, θ) determined by the equation f(x, y, z, θ) = 0 satisfies that
for any multi-indices α, β ≥ 0,
(7.10)
∣∣∣(Dα(x,y,z′,θ)Dβ(x¯,y¯,z¯′,θ¯)zn) (x, y, z′, θ(x, y, z))∣∣∣ ≤ C ′0C ′1|α+β|α!a+εβ!a+ελb′,β(x, y, z),
where C ′0, C
′
1 and b
′ are some positive constants and z′ = (z1, z2, · · · , zn−1). In addition, when we
are restricted to x = y = z¯, ε can be replace by 0.
Proof. For simplicity, we denote v = (x, y, z1, z2 · · · , zn−1, θ). Near some point (v, zn), we have the
Taylor series of f as
f(v′, z′n) =
∑
α,β≥0,i,j≥0
aαβ¯ij¯(v
′ − v)α(v′ − v)β(z′n − zn)i(z′n − zn)j ,
where aαβ¯ij¯ =
DαvD
β
v¯D
i
zn
Djz¯nf
α!β!i!j! (v, zn). The equation f = 0 implies
a00¯00¯ + a00¯10¯(z
′
n − zn) + a00¯01¯(z′n − zn)
=−
∑
|α+β|>0
(
aαβ¯00¯ + aαβ¯10¯(z
′
n − zn) + aαβ¯01¯(z′n − zn)
)
(v′ − v)α(v′ − v)β
−
∑
α,β,i+j≥2
aαβ¯ij¯(v
′ − v)α(v′ − v)β(z′n − zn)i(z′n − zn)j .
(7.11)
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Assume near v, the Taylor series of zn = zn(v) is as follows.
z′n − zn =
∑
|γ+δ|>0
bγδ¯(v
′ − v)γ(v′ − v)δ,
where bγδ¯ =
DγvD
δ
v¯zn
γ!δ! (v).
We define the following index sets for simplicity.
Aαβγδ =
i, j, {ξk, ηk}1≤k≤i, {ξ′l, η′l}1≤l≤j :
α+
∑
1≤k≤i ξk +
∑
1≤l≤j ξ
′
l = γ,
β +
∑
1≤k≤i ηk +
∑
1≤l≤j η
′
l = δ,
ξk + ξ
′
k > 0, ηl + η
′
l > 0, i+ j ≥ 2
 .
Bγδ = {α, β, ξ, η : α+ ξ = γ, β + η = δ, |α + β| > 0} .
When restrict (7.11) to points (x, y, z, θ(x, y, z)), a00¯00¯ = 0. By comparing the coefficients of (7.11),
for any multi-indices |γ + δ| > 0, we have
a00¯10¯bγδ¯ + a00¯01¯bδγ¯
= −aγδ¯00¯ −
∑
Bγδ
aαβ¯10¯bξη¯ −
∑
Bγδ
aαβ¯01¯bηξ¯ −
∑
Aαβγδ
aαβ¯ij¯bξ1η¯1 · · · bξiη¯ibη′1ξ¯′1 · · · bη′j ξ¯′j .
Taking the conjugate and switch the multi-indices γ and δ, we have
a00¯01¯bγδ¯ + a00¯10¯bδγ¯
= −aδγ¯00¯ −
∑
Bδγ
aαβ¯10¯bξη¯ −
∑
Bδγ
aαβ¯01¯bηξ¯ −
∑
Aαβδγ
aαβ¯ij¯bξ1η¯1 · · · bξiη¯ibη′1ξ¯′1 · · · bη′j ξ¯′j .
Then for any |γ+δ| > 0, by solving bγδ¯, we obtain the following recursive formula on the coefficients
bγδ¯.
bγδ¯
=− a00¯10¯|a00¯10¯|2 − |a00¯01¯|2
aγδ¯00¯ +∑
Bγδ
aαβ¯10¯bξη¯ +
∑
Bγδ
aαβ¯01¯bηξ¯ +
∑
Aαβγδ
aαβ¯ij¯bξ1η¯1 · · · bξiη¯ibη′1ξ¯′1 · · · bη′j ξ¯′j

+
a00¯01¯
|a00¯10¯|2 − |a00¯01¯|2
aδγ¯00¯ +∑
Bδγ
aαβ¯10¯bξη¯ +
∑
Bδγ
aαβ¯01¯bηξ¯ +
∑
Aαβδγ
aαβ¯ij¯bξ1η¯1 · · · bξiη¯ibη′1ξ¯′1 · · · bη′j ξ¯′j
 .
(7.12)
By (7.9), when θ = θ(x, y, z), the Taylor coefficients aαβ¯kl¯ satisfies that
|aαβ¯kl¯| ≤ C0C |α+β|+k+l1 (α!β!k!l!)a−1+ελb,|β|+l(x, y, z),
where λ is as defined in (2.23). We normalized aαβ¯kl¯ to a˜αβkl as
(7.13) a˜αβkl =
|aαβ¯kl¯|
(α!β!k!l!)a−1+ελb,|β|+l(x, y, z)
,
which is dominated by C0C
|α+β|+k+l
1 . Similarly, we define
(7.14) b˜γδ =
|bγδ¯|
(γ!δ!)a−1+ελb,|β|+l(x, y, z)
.
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Since the matrix
(
∂f
∂zn
∂f
∂zn
∂f
∂zn
∂f
∂zn
)
is non-singular at (x0, y0, z0, θ0), by choosing a sufficiently small
neighborhood U of (x0, y0, z0, θn0), we have infU
∣∣|a00¯10¯|2 − |a00¯01¯|2∣∣ ≥ A > 0. By (7.13), (7.14) and
using triangle inequalities and Lemma 7.3, we write (7.12) the following recursive inequality on bγδ.
b˜γδ ≤ C0C
A
a˜γδ00 +∑
Bγδ
a˜αβ10b˜ξη +
∑
Bγδ
a˜αβ01b˜ηξ +
∑
Aαβγδ
a˜αβij b˜ξ1η1 · · · b˜η′jξ′j (6n)
i+j

+
C0C
A
a˜δγ00 +∑
Bδγ
a˜αβ10b˜ξη +
∑
Bδγ
a˜αβ01b˜ηξ +
∑
Aαβδγ
a˜αβij b˜ξ1η1 · · · b˜η′jξ′j(6n)
i+j
 .
(7.15)
Recall the definition of majorant for power series as follows.
Definition 7.6 (Majorant). Consider two power series in variables x ∈ Rn.
f(x) ∼
∑
α≥0
aαx
α, g(x) ∼
∑
α≥0
bαx
α.
We say that g is a majorant of f , or bα is a majorant of aα, if |aα| ≤ bα for any α ≥ 0. And we
denote this by f << g
For multi-indices |α+ δ| > 0, we define dαδ recursively as
dγδ =
C20C1
A
C |γ+δ|2 +∑
Bγδ
C
|α+β|+1
2 dξη +
∑
Bγδ
C
|α+β|+1
2 dηξ +
∑
Aαβγδ
C
|α+β|+i+j
2 dξ1η1 · · · dη′jξ′j

+
C20C1
A
C |δ+γ|2 +∑
Bδγ
C
|α+β|+1
2 dξη +
∑
Bδγ
C
|α+β|+1
2 dηξ +
∑
Aαβδγ
C
|α+β|+i+j
2 dξ1η1 · · · dη′jξ′j
 ,
(7.16)
where C2 = 6nC1. Since C0C
|α+β|+i+j
2 is a majorant of a˜αβij , dγδ defined as above is a majorant of
b˜γδ in (7.15) for any |γ + δ| > 0. Now we will solve dγδ by the recursive equation (7.16). Formally,
we define d(u, v) =
∑
|γ+δ|>0 dγδu
γvδ. Then (7.16) is equivalent to
d(u, v)
=
2C20C1
A
(
1
1− C2d(u, v)
1
1− C2d(v, u)
m∏
i=1
1
(1− C2ui)(1− C2vi) − 1− C2d(u, v) − C2d(v, u)
)
,
where m = 3n. It is easy to see that d(u, v) = d(v, u) and thus
(7.17) d(u, v) =
2C20C1
A
(
1
(1−C2d(u, v))2
m∏
i=1
1
(1− C2ui)(1 − C2vi) − 1− 2C2d(u, v)
)
.
Observe that (u, v, d) = 0 satisfies the equation and there is no linear term of d on the right hand
side. By the Implicit Theorem for real analytic functions (See [KP02] for more details), it follows
that d(u, v) is real analytic near the origin. Therefore, there exists some constant C3 such that
b˜γδ ≤ dγδ ≤ Cγ+δ3 for any |γ + δ| > 0. By using (7.14), we obtain the desired bounds for bγδ¯ . In
addition, note that the constant ε only comes from the estimate of f in (7.9). Therefore, when we
are restricted to x = y = z¯, the constant ε can be replaced by 0. 
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Now we will do induction on the dimension n. When n = 1, the result directly follows from the
previous lemma. We assume the result holds for n − 1 and proceed to n. First, we consider the
equation Fn(x, y, z, θ) = 0. Since the matrix
(
∂Fn
∂zn
∂Fn
∂zn
∂Fn
∂zn
∂Fn
∂zn
)
is identity at (x0, y0, z0, θ0), by using
the previous lemma again, we have the implicit function zn = hn(x, y, z
′, θ), which satisfies
Fn(x, y, z
′, hn, θ) = 0.
Take the derivative with respect to zj and z¯j for 1 ≤ j ≤ n− 1. Then at (x0, y0, z0, θ0),
∂hn
∂zj
=
∂hn
∂z¯j
= 0.
Define Gi(x, y, z
′, θ) = Fi(x, y, z′, hn(x, y, z′, θ)) for 1 ≤ i ≤ n− 1. Since functions F and hn satisfy
(7.8) and (7.10) respectively, the composition function Gi(x, y, z
′, θ) for 1 ≤ i ≤ n − 1 also satisfy
the estimates on the derivatives (7.8) by a similar argument as in the proof of Lemma 2.13. On the
other hand, we have for any 1 ≤ i, j ≤ n− 1, at (x0, y0, z0, θ0)
∂Gi
∂zj
=
∂Fi
∂zj
= δij ,
∂Gi
∂z¯j
=
∂Fi
∂z¯j
= 0.
Therefore, the matrix
(
∂G
∂z′
∂G
∂z′
∂G
∂z′
∂G
∂z′
)
is identity at (x0, y0, z0, θ0). Using the conclusion from the induc-
tion, we have the implicit functions zi = hi(x, y, θ) of the equations Gi(x, y, z
′, θ) = 0 for 1 ≤ i ≤
n−1. It is easy to verify that zi = hi(x, y, θ) for 1 ≤ i ≤ n−1 and zn = hn(x, y, h1, h2, · · · , hn−1, θn)
satisfy all the requirements and our result follows. 
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